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Abstract

In this thesis we consider classes of optimization problems that are of great
interest in control, signal processing and learning over networks. We pro-
pose and analyze distributed optimization algorithms that tackle specific
challenges associated to each considered set-up. In particular, we first con-
sider an optimization problem in which the cost function is the sum of local
contributions depending on a common variable and propose asynchronous
distributed algorithms that extend the classical distributed dual decomposi-
tion. In the proposed approach, agents run their local computation without
any time synchronization, based on proximal operators and block-coordinate
methods that allow for handling local constraints and fixed step-sizes. Then,
we focus on “big-data” problems in which the dimension of the decision vari-
able is “high”, possibly depending on the number of agents. We start from a
structured optimization set-up where costs and constraints depend only on
a small portion of the optimization variable, and propose primal and dual
distributed methods for asynchronous networks, based on block-coordinate
techniques. Then, we consider a more general big-data set-up (possibly non-
convex) in which each local cost function depends on the entire variable, but
nodes can communicate and optimize only single blocks. For this set-up we
propose a distributed algorithm that leverages computations and communi-
cations performed in a block-wise fashion and requires a block-wise average
scheme to enforce consensus on the solution estimates. Finally, we investi-
gate a general set-up that arises in dynamic optimization problems that are
strictly related to important applications as, e.g., distributed control. We
consider a set-up in which agents in a network want to minimize the sum of
local convex cost functions, each one depending on a local variable, subject
to local and coupling constraints, with the latter involving all the decision
variables. We propose a novel distributed algorithm based on a relaxation of
the original problem and an elegant exploration of Lagrangian duality theory
which allows agents to recover their portion of an optimal problem solution.
For all these set-ups we apply the proposed schemes to learning and control
application scenarios to highlight their benefits and performances.

Keywords: Distributed Optimization, Asynchronous Algorithms, Block-
Coordinate Methods, Duality, Big-data Optimization, Gradient Tracking,
Penalty Approach, Distributed MPC, Big-Data Analytics, Demand-Side
Management.
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Introduction

Motivating Scenarios and Literature

In the last years we have witnessed a dramatically increasing interest in
designing “smart” objects including phones, cars, drones. With the diffusion
of these technological innovations, a number of new challenges have been
introduced to transform these objects into smart systems, farms, industries,
buildings, cities.

A novel keyword has been introduced to indicate such a scenario, namely
Cyber Physical Networks (CPNs). The distinctive feature of CPNs is that
a great advantage can be obtained if the interconnected, complex nature of
the system under investigation is not belittled. In fact, by explicitly fac-
ing this complexity, problems can be tackled by tailored, efficient strategies.
A huge number of elements in the system (large-scale) exchange a tremen-
dous amount of information (big-data) by means of peer-to-peer interactions
with nearby elements (networked communication). In the last two decades,
several research communities have modeled CPNs as “distributed systems”:
a set of agents (elements of a CPN) cooperates by exchanging their local
variables (data information) with only a small group of neighbors in a com-
munication graph (local interactions). With this model at hand, several
challenges arising in CPNs as, e.g., estimation in sensor networks, learning
in machine learning applications, control of autonomous networked dynami-
cal system, can be stated as optimization problems over networks. A special
feature of such optimization problems is that they naturally encode the net-
worked structure in their definition, giving rise to a novel, growing research
branch termed distributed optimization.

Formally, a common set-up in distributed optimization consists of a net-
work of processors that is asked to solve a cost-coupled optimization problem
in which each processor is assigned an objective function and (possibly) a
local constraint set. The global cost function to minimize is the sum of the
local objective functions, and the problem constraint set is the intersection of
the local constraints. Following pioneering ideas in [98], the first class of algo-
rithms in peer-to-peer distributed optimization were based on (sub)gradient
methods [64, 65]. The proposed algorithms fuse consensus schemes with
descent-based iterations. Concurrently, subgradient methods were proposed
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Introduction

in combination with duality theory. Exploiting the separable structure of
the cost function and the sparsity of the graph, peer-to-peer versions of
primal-dual decomposition methods were proposed in [31,43], see [103] for a
tutorial on peer-to-peer optimization via dual decomposition. Later, these
methods were extended to optimization problems including global coupling
constraints [25, 106]. In order to induce robustness in the computation and
improve convergence in the case of non-strictly convex functions, Alternating
Direction Methods of Multipliers (ADMM) have been proposed in the net-
work context. In particular, the standard Lagrangian function is augmented
with a quadratic penalty function for linear constraints. This quadratic ex-
tension makes ADMM flexible and applicable to most convex optimization
problems. A first distributed ADMM algorithm was proposed in [87] in the
context of distributed estimation, while a survey on this technique is given
in [17].

However, all these methods have focused on a limited distributed op-
timization setting: convex cost-coupled optimization problems, typically
scalar or low-dimensional decision variable, and networks with synchronous
communication. Thus, novel important challenges need to be faced and have
been subject of investigation of this thesis. In peer-to-peer systems the com-
munication network is given and cannot be considered a design parameter
as, e.g., in cluster computers. Thus, the algorithms need to take into ac-
count more complex schemes that can handle, e.g., asynchronous updates.
A second challenge is related to the problem size. In fact, considering all the
local information available at each agent in the network leads immediately
to “big-data” optimization problems which may be nonconvex. The huge
problem dimension and nonconvexity are difficult to handle with standard
approaches and call for novel efficient strategies. Finally, it also important to
focus on a key feature of distributed optimization algorithms when applied
to dynamical networked systems where, usually, it is needed to repeatedly
solve optimization problems with coupling among agents, thus having some
local information on the global feasibility.

Contributions and Organization

This thesis contributes to the distributed optimization literature by propos-
ing novel algorithms addressing the challenges above, which arise in concrete
applications. Specifically, we consider set-ups that have been well-studied in
the literature and propose some extensions of existing schemes in order to
cope with asynchronous communications. Also, we address new big-data and
constrained coupled optimization frameworks and propose novel distributed
optimization approaches.

We start by detailing the main contributions of the thesis and then pro-
vide the detailed contributions of each chapter.
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Summary of Main Contributions

First, we design asynchronous distributed algorithms based on a symmetric
event-triggered communication protocol. In this communication set-up, a
node is in idle mode until its local timer triggers. When in idle, it con-
tinuously collects messages from neighboring nodes that are awake and, if
needed, runs some auxiliary computations. When the local timer triggers,
it updates local variables and broadcasts them to neighboring nodes. Under
mild assumptions on the local timers, the local awakening process results
into a uniform random choice of one active node per iteration. Using this
property we are able to prove that the distributed algorithms correspond to
proper block-coordinate methods. As a result, the distributed algorithms
inherit the convergence properties of the centralized schemes. In this thesis
we propose asynchronous distributed algorithms for two problem set-ups,
namely composite cost-coupled optimization and partitioned optimization.
A key feature of our asynchronous schemes is that the step-sizes of the gradi-
ent iterations are local and constant, so that it can be chosen independently
by each node. We propose an extension of distributed dual decomposition
for asynchronous networks in which we are able to handle local constraints
and local regularizers. Moreover, we also adopt this asynchronous protocol
to design a distributed algorithm to solve nonconvex partitioned problems
tackling directly the primal problem formulation.

Second, we take into account “big-data” problems in which the dimen-
sion of the decision variable is huge. This distinctive feature represents a
twofold challenge in a distributed context: (i) local optimization steps on
the entire decision variable cannot be performed at each node since they
would be too computationally demanding, and (ii) the communication cost
of transmitting a copy of the entire solution estimate would be too expen-
sive. We start by considering several concrete applications in which the
dimension of the optimization variable depends on the number of agents,
but the nodes are interested in computing only (their own) part of the en-
tire decision vector. These application set-ups can be cast into structured
optimization problems in which cost functions and constraints have a par-
titioned structure, i.e., they depend only on a (small) portion of the (huge)
decision vector. This set-up calls for tailored methods that explicitly rely
on the partitioned structure. We adopt the asynchronous protocol based on
timers also for the partitioned set-up and design both a dual and a primal
method. These alternative approaches allow us to derive distributed opti-
mization algorithms that can handle convex programs with local constraints
and nonnconvex problems respectively. Second, we consider a more general
big-data optimization set-up where the cost is the sum of local (noncon-
vex) functions depending on a common decision variable which might be
huge. Moreover, a (common) convex regularizer and a (common) convex
constraint is present. We propose an iterative two-step procedure where

3



Introduction

each agent maintains a local estimate of the entire decision variable but, at
every iteration, updates and communicates only one block. Agents select
their block in an uncoordinated fashion by means of an “essentially cyclic
rule”, thus guaranteeing that all blocks are persistently updated during the
algorithmic evolution. Moreover, agents employ a running averaging scheme
in order to enforce consensus of the local solution estimates and track the
gradient of the global cost function. This running consensus is again im-
plemented in a block-wise fashion, thus extending the existing consensus
literature to the distributed big-data scenario.

Finally, we consider problem set-ups typically arising in dynamic opti-
mization contexts such as robotic networks or cooperative estimation. A
set of dynamical systems needs to repeatedly solve optimization problems
while taking into account explicitly (i) the networked structure of the system
and (ii) its dynamical evolution. We formalize this problem as a constraint-
coupled optimization problem in which agents in a network need to minimize
a local performance index (depending only on a local decision variable) sub-
ject to a constraint coupling all the local variables. Such problem set-up rep-
resents a first methodological step to study complex dynamical networked
systems that need to perform optimization tasks over networks as in, e.g.,
distributed model predictive control, which is an optimization-based control
technique for tackling distributed control problems.

Organization and Chapter Contributions

The organization of the thesis reflects the three major contributions and in
the following we detail how each chapter answers the challenges addressed
in this thesis.

Chapter 1 introduces the distributed optimization framework by describ-
ing the main features of a distributed algorithm, and proposing a classifica-
tion of the problem set-ups investigated in this thesis, namely cost-coupled
and constraint-coupled optimization, along with some motivating concrete
examples.

In Chapter 2 we propose a class of distributed optimization algorithms
based on proximal gradient methods and duality, to solve optimization prob-
lems in which the (possibly nonsmooth) cost function is separable (i.e., the
sum of possibly nonsmooth functions sharing a common variable) and can
be split into a strongly convex term and a convex one. For a fixed graph
topology, we develop a distributed optimization algorithm (based on a cen-
tralized dual proximal gradient idea introduced in [6]) to minimize a sep-
arable strongly convex cost function. The proposed distributed algorithm
is based on a proper choice of primal constraints (suitably separating the
graph-induced and node-local constraints), that gives rise to a nice dual
problem formulation, namely it has a separable structure when expressed
in terms of local conjugate functions. Thus, a proximal gradient applied to
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such a dual problem turns out to be a distributed algorithm where each node
updates: (i) its primal variable through a local minimization and (ii) its dual
variables through a suitable local proximal gradient step. The algorithm in-
herits the convergence properties of the centralized one and exhibits O(1/t)
rate of convergence in objective value. We point out that the algorithm can
be accelerated through a Nesterov’s scheme obtaining an O(1/t2) conver-
gence rate. Second, as main contribution for the mentioned asynchronous
challenge, we propose an asynchronous algorithm for a symmetric event-
triggered communication protocol. In this communication set-up, a node
is in idle mode until its local timer triggers. When in idle, it continuously
collects messages from neighboring nodes that are awake and, if needed,
updates a primal variable. When the local timer triggers, it updates local
primal and dual variables and broadcasts them to neighboring nodes. Un-
der mild assumptions on the local timers, the whole algorithm results into a
uniform random choice of one active node per iteration. Using this property
and showing that the dual variables can be stacked into separate blocks,
we are able to prove that the distributed algorithm corresponds to a block-
coordinate proximal gradient, as the one proposed in [85], performed on the
dual problem. Specifically, we are able to show that the dual variables han-
dled by a single node represent a single block-variable, and the local update
at each triggered node turns out to be a block-coordinate proximal gradient
step (in which each node has its own local step-size). The result is that
the algorithm inherits the convergence properties of the block-coordinate
proximal gradient. An important property of the distributed algorithms
presented in this chapter is that they can solve fairly general optimization
problems including both composite cost functions and local constraints. A
key distinctive feature of the algorithm analysis is the combination of duality
theory, coordinate-descent methods, and properties of the proximal operator
when applied to conjugate functions. The results of this chapter are based
on [74,75].

In Chapter 3 we investigate partitioned big-data optimization problems
by using a dual and a primal approach, covered in the first and in the second
part of the chapter, respectively. As for the dual approach, we provide two
distributed optimization algorithms based on dual decomposition, with two
main distinctive features. First, the algorithms are scalable, in the sense
that each node only processes a portion of the decision variable vector. As a
result, the information stored and the computation performed by each node
does not depend on the network size as long as the node degree is bounded.
Second, we design an asynchronous algorithm that works under a communi-
cation protocol in which a node wakes-up when triggered by its local timer
or by its neighbors, so that no global clock is needed. The distributed algo-
rithms are derived by first writing a suitable equivalent formulation of the
original primal optimization problem (which exploits the partitioned struc-
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ture). Then its dual problem is derived and solved with suitable algorithms.
A scaled gradient applied to the dual problem turns out to be a partitioned
version of the distributed dual decomposition (synchronous) algorithm. A
randomized ascent method applied to the dual problem allows us to write an
asynchronous distributed algorithm that converges in objective value with
high probability. As for the primal approach, we propose an asynchronous,
distributed algorithm to solve partitioned, big-data nonconvex optimization
problems. The proposed algorithm is based on local updates involving the
minimization of a strongly convex, quadratic approximation of the objective
function. Each node constructs this approximation by exchanging informa-
tion only with its neighboring nodes. The updates at each node are regu-
lated by a local timer that triggers independently from the ones of the other
nodes. We prove the convergence in probability of the distributed algorithm
by showing that it is equivalent to a generalized coordinate descent method
for the minimization of nonconvex composite functions. The generalized co-
ordinate descent algorithm extends the one proposed in the literature and,
thus, represents an interesting side result. The results of this chapter are
based on [68,69].

In Chapter 4 we consider the constrained minimization of the sum of a
smooth (possibly) nonconvex function, i.e., the agents’ sum-utility, plus a
convex (possibly) nonsmooth regularizer. Our interest in this chapter is on
big-data problems where there is a large number of variables to optimize. We
propose a distributed algorithm to solve (possibly nonconvex) big-data op-
timization problems over peer-to-peer networks modeled as directed graphs.
As opposed to standard optimization, when it comes to big-data problems,
local computation and communication requirements need to be explicitly
taken into account in the algorithmic design. Specifically, a new twofold
challenge arises at each node: (i) local optimization steps on the entire deci-
sion variable cannot be performed since they would be too computationally
demanding, and (ii) the communication cost of transmitting a copy of the
entire solution estimate would be too expensive. To cope with these is-
sues, we propose an iterative two-step procedure, inspired to an existing
distributed scheme [92, 93], where each agent maintains a local estimate of
the entire decision variable but, at every iteration, updates and communi-
cates only one block. Agents select their block in an uncoordinated fashion
by means of an “essentially cyclic rule” guaranteeing that all blocks are per-
sistently updated during the algorithmic evolution. Specifically, each agent
minimizes a strongly-convex surrogate function with respect to the selected
block variable only. The surrogate is based on the agent local cost-function
and a local gradient estimate (of the smooth global-cost portion). The op-
timization step is combined with a block-wise consensus step tracking the
network average gradient and guaranteeing the asymptotic agreement of the
local solution estimates to a common stationary solution of the nonconvex
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problem. It is worth noting that the aforementioned new block-wise con-
sensus scheme is of independent interest and represents a contribution per
se: it provides a new distributed algorithm to compute the average of big-
data vectors over time-varying directed graphs, when each agent can send
to neighbors only one block per iteration. The results of this chapter are
based on [76,77].

In Chapter 5, we investigate a problem set-up arising in dynamic opti-
mization scenarios as, e.g., in distributed model predictive control. We pro-
pose a novel, distributed optimization algorithm to solve constraint-coupled
optimization problems over networks. It is a two-step procedure in which
each agent iteratively computes a primal-dual optimal solution pair of a
local optimization problem and then updates proper dual variables until
convergence. In the proposed protocol, agents exchange only suitable dual
variables. They do not need to communicate, and thus disclose, their es-
timates of local decision variable, cost and constraints. Nevertheless, each
agent is guaranteed to asymptotically converge to its portion of an optimal
(and, thus, feasible) solution of the original problem. This feature, known
in the literature as primal recovery, is obtained for convex costs and without
resorting to any running averaging mechanism, but results from the method-
ology we employed. Despite its clean and simple structure, the proposed dis-
tributed algorithm is the result of a sequence of duality steps combined with
a proper relaxation in order to guarantee feasibility of the local algorithmic
steps at each iteration. Specifically, a relaxation of the original, primal prob-
lem is first introduced. This approach is theoretically motivated by a proper
restriction of the dual problem and leads to an equivalent primal problem
which typically arises in penalty methods. Then, a tour through duality is
performed by deriving a sequence of equivalent optimization problems. As
a final step, a subgradient method applied to the last equivalent problem is
reformulated (using again duality) in terms of computations on the primal
variables. We also show that without the proposed relaxation approach, the
overall algorithmic idea may be formally applied, but several feasibility is-
sues would arise, thus preventing its concrete distributed implementability.
Overall, the proposed distributed algorithm enjoys three appealing features:
(i) local computations at each node involve only the local decision variable
and, thus, scale nicely with respect to the dimension of the decision vec-
tor, (ii) privacy is preserved since only dual variables are exchanged among
agents, and (iii) an estimate of a primal optimal solution component is com-
puted by each agent without any averaging mechanisms usually needed in
dual algorithms. The results of this chapter are based on [70–73].

Complementing the main chapters of the thesis, some preliminaries are
reviewed in the appendix.
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Chapter 1

Distributed Optimization
Framework

In this chapter we introduce the conceptual framework regarding distributed
optimization algorithms in peer-to-peer networks. First, we describe a gen-
eral model of communication network, then we present and motivate the
problem set-ups that will be investigated in this thesis.

In a distributed scenario, we consider N units, called agents or pro-
cessors, that have both communication and computation capabilities. The
communication among agents is modeled by means of graph theory. We
consider a graph G connecting the N units and we say that an agent i can
send data to another agent j, called neighbor, when an edge connecting i to
j is present in the graph G. Based on the information exchange, agents can
update their local states by exploiting their local computational power. In a
distributed algorithm, agents initialize their local states to some values and
then start an iterative procedure in which communication and computation
steps are iteratively performed according to a given scheme.

We are interested in a distributed scenario in which agents cooperatively
solve an optimization problem, e.g., they want to agree on a common optimal
solution of the problem or, alternatively, each agent wants to compute only
its local portion of interest of an optimal solution. The basic assumption we
make is that each agent i has only a partial knowledge of the entire problem
(which is spread over the network), e.g., only a part of the cost and/or a
part of the constraints is locally available.

1.1 Network and Communication Models

In this section we formally define an abstract network model for a distributed
algorithm. A communication network is a (possibly time-dependent) di-
rected graph Gt = ({1, . . . , N}, E t), where t ∈ N is the universal (slotted)
time, {1, . . . , N} is the (fixed) set of agents and E t ⊆ {1, . . . , N}×{1, . . . , N},
for all t ∈ N, is the (time-dependent) set of (directed) edges over the vertices
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Chapter 1. Distributed Optimization Framework

{1, . . . , N}, called the communication links. A graphical representation of a
time-varying network is given in Figure 1.1.

time
t t+ 1 t+ 2

Figure 1.1: A directed time-varying graph of N = 6 nodes.

The universal time t determines which communication structure, i.e.,
which graph Gt, is currently active. The time-varying edge set E t models
the communication in the sense that at time t there is an edge from node i
to node j in E t if and only if processor i transmits information to processor
j at time t. Given an edge (i, j) ∈ E t, i is called in-neighbor of j and j is
an out-neighbor of i at time t. When the edge set E t does not depend on t,
i.e., Gt ≡ G for all t, we say that the network is fixed, otherwise the network
is time-varying. Moreover, when for every pair i and j in the network the
edge (i, j) and the edge (j, i) are in E t, then the graph is undirected. An
example of a directed and of an undirected graph is depicted in Figure 1.2.

Figure 1.2: A directed (right) and an undirected (left) graph of N = 6 nodes.

A fixed directed graph G is said to be strongly connected if for every pair
of nodes (i, j) there exists a path of directed edges that goes from i to j. An
undirected graph is said to be connected when for every pair of nodes (i, j)
there exists a path of edges that goes from i to j. Connectivity properties
can be also stated for time-varying topologies. A sequence of time-varying
graphs {Gt}t≥0 is said to be T -strongly connected if there exists a scalar
T > 0 such that the graph GtT ({1, . . . , N}, E tT ) with E tT =

⋃T−1
τ=0 E t+τ , is

strongly connected for every t ≥ 0.

Given a network topology, agents can perform their algorithms accord-
ing to several communication protocols. In this thesis we will focus on two
specific examples. When the steps of the distributed algorithm explicitly

10
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depend on t, we say that the algorithm is synchronous, i.e., agents must be
aware of the current value of t and, thus, their local operations must be syn-
chronized to a global clock. We will also consider a communication protocol
in which agents are not aware of any global temporal information, i.e., their
updates do not depend on t, and we term these algorithms asynchronous.

In general, it is not necessary that all processors know the value of the
universal time t. In Chapter 2 and Chapter 3 we will consider an asyn-
chronous protocol where each node i has its own concept of time defined by
a local timer, which randomly and independently of the other nodes triggers
when to awake itself as depicted in Figure 1.3.

T 1
i

T 2
i

T 3
i

time

τi

Figure 1.3: Triggering process of timer τi; the red circles are the triggering
events.

Given a fixed communication network G, each agent i has two modes.
Between two triggering events, the node is in an idle mode, i.e., it contin-
uously receives messages from its neighbors in G. When a trigger occurs,
it switches into an awake mode in which it updates its local variables and
transmits the updated information to its neighbors.

Formally, the triggering process is modeled by means of a local clock
τi ∈ R≥0 and a randomly generated waiting time Ti. As long as τi < Ti
the node is in idle mode. When τi = Ti the node switches to the awake
mode and, after running the local computation, resets τi = 0 and draws a
new realization of the random variable Ti. The local waiting times Ti can be
used to model that a non-negligible amount of time is needed to perform the
local computation. From an external, global perspective the local awakening
process results in a proper random process of selection of agents. This
mathematical equivalence will be used to analyze the algorithms.

In this thesis, we will design algorithms which work under various net-
work topologies that will be specified in each chapter.

11
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IDLE

IDLE

IDLE

IDLE

IDLE

AWAKE

τi = Ti
τj < Tj

IDLE

IDLE

IDLE

IDLE

IDLE

AWAKE

τi < Tnew
i

τj = Tj

time
iteration new iteration

Figure 1.4: An example of awakening process due to the local timers. On
the left, agent i is triggered by its timer τi, performs its local computation
and extracts a new value Tnewi and becomes idle. Then τj triggers a new
iteration of the algorithm.

1.2 Cost-Coupled Optimization

In this section we introduce a common optimization set-up that has been
widely investigated in a distributed context. The cost function is expressed
as the sum of local contributions depending on a common optimization vari-
able. Formally, the optimization problem is

min
x∈Rd

N∑

i=1

fi(x)

subj. to x ∈ X ⊆ Rd
(1.1)

where x ∈ Rd and each fi : Rd → R is known only to agent i, for all
i ∈ {1, . . . , N}.

Next, we discuss how this set-up can be adapted to fit into specific
scenarios.

1.2.1 Composite Optimization

Here, we describe a special instance of problem (1.1) where the cost function
splits in two terms. We start by a motivating example and, then, we formally
state the problem.

Let us consider a separable optimization problem with local constraints

12
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in the form

min
x

N∑

i=1

hi(x)

subj. to x ∈
N⋂

i=1

Xi ⊆ Rd
(1.2)

where each hi is a local function known by agent i and each Xi is a convex
set. By using indicator functions IXi associated to each Xi

1, we can recast
problem (1.2) by transforming the constraints into additional terms in the
objective function, obtaining

min
x∈Rd

N∑

i=1

(
hi(x) + IXi(x)

)
.

Since each Xi is a convex set, then IXi is a convex function.
We can generalize the discussion above by considering cost functions

that split in two terms. Moreover, by defining these terms as extended real-
valued convex functions without smoothness requirements, additional local
constraints can be considered in the problem. This gives further flexibility to
this set-up as will be clear from the examples in the next section. Formally,
the general composite problem is

min
x∈Rd

N∑

i=1

(
fi(x) + gi(x)

)
,

subj. to x ∈ Xi, i ∈ {1, . . . , N},
(1.3)

where each fi : Rd → R ∪ {+∞}, gi : Rd → R ∪ {+∞} and Xi ⊆ Rd is
known only to agent i, for all i ∈ {1, . . . , N}.

Notice that here we are not specifying any regularity property on prob-
lem (1.3). In fact, we will consider (possibly nonsmooth) strongly convex
functions in Chapter 2 and in the first part of Chapter 3, while we will
consider smooth nonconvex costs fi in the second part of Chapter 3 and in
Chapter 4.

1.2.2 Partitioned Big-Data Optimization

In this subsection, we start by an observation. In several concrete appli-
cations the dimension of the optimization variable depends on the number
of agents. Moreover, the nodes are interested in computing only a (small)
portion of the entire decision vector, namely only some local variables of

1Given a closed, nonempty convex set X, the indicator function of X ⊆ Rd is defined
as IX(x) = 0 if x ∈ X and IX(x) = +∞ otherwise.

13
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interest. We model this scenario by letting the decision vector x ∈ Rd be
partitioned as

x =




x1
...

xN




where each xi ∈ Rni with ni ∈ N for all i ∈ {1, . . . , N}, and
∑N

i=1 ni =
d. The sub-vector xi represents the relevant information at node i, also
referred to as the state of node i. Additionally, let us consider local objective
functions and constraints that have the same sparsity as the communication
graph, namely, for i ∈ {1, . . . , N}, the cost function fi and the constraint
Xi depend only on the state of node i and on its neighbors, that is, on{
xj , j ∈ Ni ∪ {i}

}
. Then the problem we aim at solving distributedly is

min
x

N∑

i=1

fi(xi, {xj}j∈Ni)

subj. to (xi, {xj}j∈Ni) ∈ Xi, i ∈ {1, . . . , N},
(1.4)

where the notation fi(xi, {xj}j∈Ni) means that fi : Rd → R is, in fact, a
function of xi and xj , j ∈ Ni, and the notation (xi, {xj}j∈Ni) ∈ Xi means
that the constraint set Xi involves only the variables xi and xj , j ∈ Ni.

Remark 1.2.1. Notice that here the subscript index denotes a component
of a decision variable, e.g., xi is the i-th component of x. In some parts
xi might be the copy of x maintained by agent i. We will clarify, whenever
needed, the exact meaning of the subscript during the dissertation to avoid
confusion. �

1.2.3 General Cost-Coupled Big-Data Optimization

Another way to model the big-data optimization set-up consists in consid-
ering a generic cost-coupled optimization problem, without any assumption
on its partitioned structure. Since the problem is big-data, we explicitly as-
sume that the optimization variable x has a huge size and, thus, we consider
it as a stack of smaller blocks given by

x ,




x1
...

xB


 ,

with each block x` ∈ Rd for all ` ∈ {1, . . . , B}. Notice that B may also
depend on N as in the partitioned set-up.

14
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Then, we consider the following composite optimization problem

min
x∈RdB

N∑

i=1

fi(x) +
B∑

`=1

r`(x`)

subj. to x` ∈ K`, ` ∈ {1, . . . , B},
(1.5)

where x is the vector of optimization variables (partitioned in B blocks),
each fi : RdB → R represents the cost function of agent i, r` : Rd → R,
` ∈ {1, . . . , B}, is a regularizer; and K`, ` ∈ {1, . . . , B}, is the constraint set.
Usually the regularizer term in (1.5) is nonsmooth and is used to promote
some extra structure in the solution, such as (group) sparsity.

1.3 Examples of Cost-Coupled Optimization

In this section we provide motivating scenarios for the cost-coupled set-up.

1.3.1 Regularized Constrained Optimization

As mentioned in Section 1.2.1 the algorithmic framework in (1.3) is flexible
and allows us to handle, together with local constraints, also a regularization
cost through the gi. Regularizing the solution is a useful technique in many
applications such as sparse design, robust estimation in statistics, support
vector machine (SVM) in machine learning, total variation reconstruction
in signal processing and geophysics, and compressed sensing. In these prob-
lems, the cost fi is a loss function representing how the predictions based
on a theoretical model mismatch the real data. Next, we focus on the most
widespread choice for the loss function, which is the least square cost, giving
rise to the following optimization problem

min
x

N∑

i=1

‖Dix− bi‖2 (1.6)

where Di are data/regressors and bi are labels/observations.

A typical challenge arising in regression problems is due to the fact that
problem (1.6) is often ill-posed and standard algorithms easily incur in over-
fitting phenomena. A viable technique to prevent over-fitting consists of
adding a regularization term/cost and write

min
x

N∑

i=1

‖Dix− bi‖2 + g(x).

Usual choices for g are the `2-norm, also referred as Tikhonov regu-
larization or ridge regression. Alternatively, also the `1-norm can be used
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and leads to the so-called LASSO (Least Absolute Shrinkage and Selection
Operator) problem, i.e.,

min
x

N∑

i=1

‖Dix− bi‖2 + λ‖x‖1

where λ is a positive scalar which is used to strengthen or weaken the effects
of the regularizer.

In some cases (as, e.g., in distributed estimation [44]) one may be inter-
ested in having the solution bounded in a given box or leaving in a reduced
subspace. This gives rise to the so-called constrained LASSO problem (see,
e.g., [42, 58,101])

min
x

N∑

i=1

‖Dix− bi‖2 + λ‖x‖1

subj. to lb � x � ub.

Notice that the regularizer is usually added to enforce sparsity patterns,
in the solution of the problem. The most natural choice would be the 0-norm
which counts the nonzero entries of a vector. Unfortunately this function is
nonconvex, thus researchers have usually employed the 1-norm or the 2-norm
which are good convex surrogate of the 0-norm. However other nonconvex
surrogates can be used to improve the sparsity pattern, but this would lead
to a nonconvex optimization problem. In Chapter 4 we address this class of
problems and, in Section 4.6, a numerical example of nonconvex regression
can be found.

1.3.2 Partitioned Estimation in Power Networks

Next we consider an application scenario in which the partitioned structure
described in 1.2.2 arises naturally. To describe this example we follow the
dissertation in [82]. For a power network, the state in a certain time instant
consists of the voltage angles and magnitudes at all the system buses. The
(static) state estimation problem refers to the procedure of estimating the
state of a power network given a set of measurements of the network vari-
ables, such as, for instance, voltages, currents, and power flows along the
transmission lines. Formally, let x ∈ Rd and z ∈ RP be, respectively, the
state and measurements vector. Then, the vectors x and z are related by

z = h(x) + η, (1.7)

where h(·) is a nonlinear measurement function, and where η is the noise
measurement, which is traditionally assumed to be a zero mean random vec-
tor satisfying E[ηη>] = Σ � 0. An optimal estimate of the network state
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coincides with the most likely vector x? that solves equation (1.7). This
static state estimation problem can be simplified by adopting the approxi-
mate estimation model presented in [88], which follows from the linearization
around the origin of equation (1.7). Specifically,

z = Hx + v,

where H ∈ RP×d and where v, the noise measurement, is such that E[v] = 0
and E[vv>] = Σ. In this context the static state estimation problem is
formulated as the following weighted least-square problem

min
x

(z−Hx)>Σ−1(z−Hx). (1.8)

Assume ker(H) = ∅, then the optimal solution of problem (1.8) is given by

xwls =
(
H>Σ−1H

)−1
H>Σ−1z.

For simplicity let us assume that Σ = I. For a large power network, the cen-
tralized computation of xwls might be too costly. A possible solution to ad-
dress this complexity problem is to distribute the computation of xwls among
geographically deployed control centers (monitors), say N in a way that each
monitor is responsible only for a subpart of the whole network. Precisely
let the matrices H and Σ and the vector z be partitioned as [Hij ]

N
i,j=1,

x =
[
x>1 , . . . ,x

>
N

]>
and z =

[
z>1 , . . . , z

>
N

]>
, where Hij ∈ Rpi×nj , zi ∈ Rpi ,

xi ∈ Rni and
∑N

i=1 ni = d,
∑N

i=1 pi = P . Observe that, because of the
interconnection structure of a power network, the measurement matrix H is
usually sparse, i.e., Hij = 0 for many indices (i, j). Assume monitor i knows
zi and Hij , j ∈ {1, . . . , N} and that it is interested only in estimating the
sub-state xi. Moreover let Ni = {j ∈ {1, . . . , N} | Hij 6= 0}. Observe that
in general if Hij 6= 0 then also Hji 6= 0. Then by defining

fi
(
xi, {xj}j∈Ni

)
=
(
zi −

∑

j∈Ni
Hijxj

)>(
zi −

∑

j∈Ni
Hijxj

)
,

problem (1.8) can be equivalently rewritten as an unconstrained version
of (1.4).

It is worth remarking that there are other significant examples that can
be cast as distributed weighted least square problems similarly to the static
state estimation in power networks we described in this subsection; see, for
instance, distributed localization in sensor networks and map building in
robotic networks.

1.3.3 Network Utility Maximization and Resource Alloca-
tion

We consider the flow optimization problem, or Network Utility Maximiza-
tion (NUM) problem introduced in [45] and studied in [51] in a distributed
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context. A flow network (which is different from a communication network)
consists of a set L of unidirectional links with capacities c`, ` ∈ L. The net-
work is shared by a set of N sources. Each source has a strongly concave util-
ity function Ui(xi) in the scalar rate xi. The goal is to calculate source rates
that maximize the sum of the utilities

∑N
i=1 Ui(xi) over xi subject to capac-

ity constraints. Formally, using a notation consistent with [51], let L(i) ⊆ L
be the set of links used by source i and N(`) = {i ∈ {1, . . . , N} | ` ∈ L(i)} be
the set of sources that use link `. Note that ` ∈ L(i) if and only if i ∈ N(`).
Also, let Ii = [κi,Ki], with 0 ≤ κi < Ki, be the interval of transmission
rates allowed to node i. The network flow optimization problem is given by

max
x1,...,xN

N∑

i=1

Ui(xi)

subj. to xi ∈ Ii, i ∈ {1, . . . , N},
∑

j∈N(`)

xj ≤ c`, ` ∈ {1, . . . , |L|}.

(1.9)

Notice that problem (1.9) is well posed and has compact domain.

In Figure 1.5 (left) we graphically represent an example of 5 sources
(filled circles) that use (dotted arrows) 3 links (gray stripes). In [51] a
distributed optimization algorithm is proposed in which both the sources and
the links are computation units. Here we consider a set-up in which only the
sources are computation units. In particular, sources have the computation
and communication capabilities introduced in the previous subsection. We
assume that sources using the same links can communicate and both know
the capacity constraint on those links. Formally, we introduce a graph G
having an edge (i, j) connecting source i to j if and only if there exists
` ∈ L such that ` ∈ L(i) ∩ L(j). In Figure 1.5 (right) we show the induced
communication graph (solid lines) for the considered example.

1

2 3

4

5

` = 1

` = 2

` = 3

1

2 3

4

5

Figure 1.5: Network Utility Maximization problem with 5 sources (filled
circles) using 3 links (gray stripes).
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Thus, optimization problem (1.9) can be rewritten as

max
x1,...,xN

N∑

i=1

Ui(xi)

subj. to (xi, {xj}j∈Ni) ∈
∏

j∈Ni∪{i}
Ij , i ∈ {1, . . . , N},

∑

j∈Ni∪{i}
aj,` xj ≤ c`, ` ∈ L(i), i ∈ {1, . . . , N},

(1.10)

where Ni is the neighbor set of i in G, aj,` is 1 if agent j can use link `
and 0 otherwise. Notice that in problem (1.10) if sources i and j share a
link `, then they both have the capacity constraint of link `. Moreover,
in order to have compactness of the local constraint set Xi, transmission
rate constraints of neighboring nodes are also taken into account. Finally,
in order to fulfill the strong convexity assumption on the local costs, two
strategies can be used. First, one can assume that each agent knows the
utility functions of neighboring agents, so that it sets fi(xi, {xj}j∈Ni) =∑

j∈Ni∪{i} Uj(xj). Alternatively, one can consider an additional separable
(small) regularization term in the NUM problem formulation in (1.9), e.g.,
ε
∑N

i=1 x
2
i with ε > 0. In this case each agent sets its local cost function to

fi(xi, {xj}j∈Ni) = Ui(xi) +
∑

j∈Ni εijx
2
j , where εij > 0 are suitable fractions

of ε. Except for the maximization versus minimization, this problem is
partitioned, that is it has the same structure as (1.4).

A problem with this structure can be also found in resource allocation
problems, which are of great importance in several research areas. In the
context of network systems solving resource allocation problems in a dis-
tributed way is a preliminary task to solve several control and estimation
problems. Indeed, it is often the case that the agents in the network have
some local resource that has to be shared with their neighbors.

Consider a general set-up in which each agent produces a certain amount
of resources, which it can share with its neighbors (i.e., neighboring nodes in
the communication graph). Each agent has a local strongly concave utility
function to maximize. The resulting optimization problem turns out to be

max
x1,...,xN

N∑

i=1

Ui(xi)

subj. to
∑

j∈Ni∪{i}
xj ≤ ri, i ∈ {1, . . . , N},

where xi is the resource produced by node i, ri is the capacity of node i and
we are assuming that the set of neighbors with whom node i can share its
resource coincides with the set of neighbors in the communication graph. In
other words, agents can share resources only if they can communicate.
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1.4 Constraint-Coupled Optimization

In this section, we present another important large-scale optimization set-
up amenable to distributed computation. Here the goal is the minimization
of the sum of local cost functions, each one depending on a local variable,
subject to a local constraint for each variable and a coupling constraint
involving all the decision variables. This constraint-coupled optimization
set-up arises in several scenarios of interest in Control and Robotics as well
as Communication and Signal Processing. Example set-ups include resource
allocation (e.g., in Communication or Cooperative Robotics) or network flow
optimization (e.g., in smart grid energy management).

Formally, the constraint-coupled optimization problem can be stated as

min
x1,...,xN

N∑

i=1

fi(xi)

subj. to xi ∈ Xi, i ∈ {1, . . . , N}
N∑

i=1

gi(xi) � 0,

(1.11)

where Xi ⊆ Rni , fi : Rni → R and gi : Rni → RS are known only to agent
i, for all i ∈ {1, . . . , N}. Moreover, we stress that each agent i is interested
in computing only the component x?i of an optimal solution (x?1, . . . ,x

?
N )

of (1.11). Notice that a similar set-up has been investigated in the context
of resource allocation. We point out, that differently from several existing
works, we focus on problems where the coupling can be nonlinear and local
constraints are present.

Remark 1.4.1 (Comparison with the cost-coupled set-up). We notice that
problem (1.11) can be seen as a special case of problem (1.1), where addi-
tional structure is assumed, i.e., each cost function fi depends on a com-
ponent only, say xi, of the decision variable x and the constraints have a
sparse structure. From a centralized perspective this is true, however in
a distributed scenario this problem set-up introduces novel challenges when
agents know only their portion of the cost and the constraints and want to
obtain only their portion of the optimal solution. This is a distinctive fea-
ture that calls for specialized methodologies and algorithms that are different
from the ones developed for cost-coupled problems. �

A constraint-coupled optimization set-up (1.11) which is particularly rel-
evant in our control community is distributed Model Predictive Control
(MPC) in which the goal is to design a feedback control law for a (spatially
distributed) network of dynamical systems based on the MPC concept. In
such a scheme several optimization problems need to be iteratively solved.
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The local decision variable of each agent corresponds to its state-input tra-
jectory, while the local constraints encode its dynamics, which is usually in-
dependent of other agents. A constraint that couples agents’ states, inputs or
outputs needs to be taken into account in order to enforce cooperative tasks
as, e.g., formation control, or to take into account common bounds, e.g.,
due to shared resources. Distributed MPC approaches are mainly classified
into non-cooperative and cooperative schemes, see, e.g., [28] for a tutorial.
While in non-cooperative schemes the main focus is guaranteeing recursive
feasibility and stability without enforcing global optimality at each itera-
tion, in cooperative approaches the agents try to solve in a distributed way
the global, constraint-coupled optimization problems arising in each time
window.

In the following, we briefly discuss how an instance of a finite hori-
zon optimization problem arising in a distributed MPC scheme fits set-
up (1.11). Suppose we are given a system with N agents. Each agent
i has a discrete-time state-input trajectory over a finite horizon T , i.e.,
[zi(0), . . . , zi(T ), ui(0), . . . , ui(T − 1)]>, where zi(k) is the state and ui(k) is
the input. The trajectory must satisfy some local constraints as, e.g., the
dynamical model and state-input constraints that we model, for the sake of
simplicity, as a linear system and box constraints, respectively. Moreover,
additional constraints might be present that enforce some cooperative tasks
as, e.g., the sum of the states at each time instant cannot exceed a given
value, i.e.,

∑N
i=1 zi(k) ≤ h for all k ∈ [0, T ] and for some h ∈ R. Finally,

agents run an optimization algorithm in order to select a trajectory that
minimizes a stage cost

∑T
k=1 `i(zi(k), ui(k)) measuring some performance

of each system, e.g., distance from a given desired profile of the trajectory.
Thus, formally the problem can be stated as

min

N∑

i=1

( T−1∑

k=0

`i(zi(k), ui(k)) + Vi(zi(T ))
)

subj. to zi(k + 1) = Aizi(k) +Biui(k), ∀ k ∈ [0, T − 1], i ∈ {1, . . . , N}
c1 ≤ zi(k) ≤ c2, u1 ≤ ui(k) ≤ d2, ∀ k ∈ [1, T − 1], i ∈ {1, . . . , N}
N∑

i=1

zi(k) ≤ h, ∀ k ∈ [0, T ],

(1.12)

where zi(0) is given for all i ∈ {1, . . . , N}. It is easy to see that by setting xi
equal to the state-input trajectory of agent i, collecting the stage cost plus
the terminal cost of agent i into fi(xi), defining the contribution of agent
i to the coupling constraints as gi(xi) and encoding the dynamics and the
constraints on states and inputs in Xi, then problem (1.12) is an instance
of problem (1.11).
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1.5 Examples of Constraint-Coupled Optimization

In this section we describe two examples related to distributed Model Pre-
dictive Control (MPC) and a Demand-Side Management (DSM) program in
smart grid respectively.

1.5.1 Distributed Model Predictive Control of Microgrids

Next, we introduce a microgrid control scenario that we then fit into our
constraint-coupled set-up. A microgrid consists of several generators, con-
trollable loads, storage devices and a connection to the main grid. In the
following, we use the notational convention that energy generation corre-
sponds to positive variables, while energy consumption corresponds to neg-
ative variables. Generators are collected in the set GEN. At each time instant
τ in a given horizon [0, T ], they generate power, denoted by pτgen,i, that must
satisfy magnitude and rate bounds, i.e., for given positive scalars

¯
p, p̄,

¯
r and

r̄, it must hold, for all i ∈ GEN,
¯
p ≤ pτgen,i ≤ p̄, with τ ∈ [0, T ], and

¯
r ≤

pτ+1
gen,i−pτgen,i ≤ r̄, with τ ∈ [0, T −1]. The cost to produce power by a gener-

ator is modeled as a quadratic function f τgen,i = α1p
τ
gen,i+α2(pτgen,i)

2 with α1

and α2 positive scalars. Storage devices are collected in STOR and their power
is denoted by pτstor,i and satisfies bounds and a dynamical constraint given

by −dstor ≤ pτstor,i ≤ cstor, τ ∈ [0, T ], qτ+1
stor,i = qτstor,i+p

τ
stor,i, τ ∈ [0, T −1],

and 0 ≤ qτstor,i ≤ qmax, τ ∈ [0, T ], where the initial capacity q0
stor,i is given

and dstor, cstor and qmax are positive scalars. There are no costs associated
with the stored power. Controllable loads are collected in CONL and their
power is denoted by pτconl,i. A desired load profile pτdes,i for pτconl,i is given
and the controllable load incurs in a cost f τconl,i = βmax{0, pτdes,i − pτconl,i},
β ≥ 0, if the desired load is not satisfied. Finally, the device i = N is
the connection node with the main grid; its power is denoted as pτtr and
must satisfy |pτtr| ≤ E, τ ∈ [0, T ]. The power-trading cost is modeled as
f τtr = −c1p

τ
tr + c2|pτtr|, with c1 and c2 positive scalars corresponding to the

price and a general transaction cost respectively.

The power network must satisfy a given power demand Dτ modeled by
a coupling constraint among the units

∑

i∈GEN
pτgen,i +

∑

i∈STOR
pτstor,i +

∑

i∈CONL
pτconl,i +pτtr −Dτ= 0,

for all τ ∈ [0, T ]. Reasonably, we assume Dτ to be known only by the
connection node tr.

In order to cast the microgrid control problem as (1.11), we let each xi
be the whole trajectory over the prediction horizon [0, T ], e.g.,

xi ,
[
p0
gen,i, . . . , p

T
gen,i

]>
,

22



1.5. Examples of Constraint-Coupled Optimization

for all the generators i ∈ GEN and, consistently, for the other device types. As
for the cost functions we can define fi(xi) ,

∑T
τ=0 f

τ
gen,i(p

τ
gen,i) for i ∈ GEN

and, consistently, for the other device types. The local Xi are given by the
constraint described above for each unit type.

1.5.2 Distributed Peak Minimization in Smart Grids

Another important optimization scenario in smart grids arises in designing
smart generators, accumulators and loads that cooperatively execute De-
mand Side Management (DSM) programs [3]. Here, the goal is to reduce
the hourly and daily variations and peaks of electric demand by optimizing
generation, storage and consumption. A widely adopted objective in DSM
programs is Peak-to-Average Ratio (PAR), defined as the ratio between
peak-daily and average-daily power demands. PAR minimization gives rise
to a min-max optimization problem if the average daily electric load is as-
sumed not to be affected by the demand response strategy, [54].

We consider a network of N processors that want to solve a peak-
minimization problem in a distributed way. We assume that the interac-
tion occurs according to a connected, undirected graph G = ({1, . . . , N}, E),
where E is the set of edges. Moreover, we associate to each processor i a
decision vector xi = [xi,1, . . . , xi,S ]> ∈ RS , a constraint set Xi ⊆ RS and
local functions gi,s, s ∈ {1, . . . , S}. We use the subscript pair (i, s) to indi-
cate the s-th component of a vector in RS that belongs to node i. In the
peak-minimization problem, S represents the horizon on which we want to
reduce the peak. Thus, we set-up the following optimization problem

min
x1,...,xN

max
s∈{1,...,S}

N∑

i=1

gi,s(xi,s)

subj. to xi ∈ Xi, i ∈ {1, . . . , N},
(1.13)

where, for all i ∈ {1, . . . , N}, the constraint set Xi ⊆ RS and the functions
gi,s : R→ R, s ∈ {1, . . . , S}, are known only to agent i.

Using a standard approach for min-max problems, we introduce an aux-
iliary variable P to write the so-called epigraph representation of prob-
lem (1.13), given by

min
x1,...,xN ,P

P

subj. to xi ∈ Xi, i ∈ {1, . . . , N},
N∑

i=1

gi,s(xi,s) ≤ P, s ∈ {1, . . . , S}.
(1.14)

It is worth noticing that this problem has a particular structure, which
gives rise to interesting challenges in a distributed set-up. First of all,
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two types of couplings are present, which involve simultaneously the N
agents and the S components of each decision variable xi. Specifically, for
a given slot s, the constraint

∑N
i=1 gi,s(xi,s) ≤ P couples all the vectors xi,

i ∈ {1, . . . , N}. At the same time, for a given agent i ∈ {1, . . . , N}, the con-
straint Xi couples all the components xi,1, . . . , xi,S of xi. Figure 1.6 provides
a nice graphical representation of this interlaced coupling. The horizontal

horizon

agents

∈ Xi

P

≤
+

+

xi,1 xi,s xi,S. . . . . .

gi,1(xi,1) gi,s(xi,s) gi,S(xi,S)

x1,s

xN,s

g1,s(x1,s)

gN,s(xN,s)

1 s S

1

n
o
d
e
i

N

Figure 1.6: Graphical representation of interlaced constraints.

axis describes the local coupling at each node, while the vertical dimension
models the coupling among agents. Moreover, the problem is both large-
scale and big-data. That is, both the number of decision variables and the
number of constraints depend on N (and thus scale badly with the number
of agents in the network). Also, the dimension of the coupling constraint,
S, can be large. Therefore, common approaches as reaching a consensus
among the nodes on an optimal solution and/or exchanging constraints are
not computationally affordable.
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Chapter 2

Asynchronous Distributed
Optimization via Randomized
Dual Proximal Gradient

In this chapter we consider composite convex optimization problems intro-
duced in Section 1.2.1 and design distributed algorithms based on duality.
In particular, we generalize the classical distributed dual decomposition in
two ways: (i) we handle composite costs with local constraints, and (ii)
we use local, constant step-sizes in the ascent steps. First, we propose
and prove the convergence of a synchronous distributed algorithm based
on a proper proximal gradient method applied to a dual problem formula-
tion. Second, we extend the synchronous algorithm to two asynchronous
versions in which agents perform their local computation based on local
timers (see Section 1.1), without any centralized synchronization by exploit-
ing a block-coordinate proximal method. The results of this chapter are
based on [74,75].

2.1 Literature Review

Early references on distributed optimization algorithms involved primal and
dual subgradient methods and Alternating Direction Method of Multipli-
ers (ADMM), designed for synchronous communication protocols over fixed
graphs. More recently time-varying versions of these algorithmic ideas have
been proposed to cope with more realistic peer-to-peer network scenarios.
A Newton-Raphson consensus strategy is proposed in [105] to solve un-
constrained, convex optimization problems under asynchronous, symmetric
gossip communications. In [89] a primal, synchronous algorithm, called
EXTRA, is proposed to solve smooth, unconstrained optimization prob-
lems. In [41] the authors propose accelerated distributed gradient methods
for unconstrained optimization problems over symmetric, time-varying net-
works. In order to deal with time-varying and directed graph topologies, in
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[60] a push-sum algorithm for average consensus is combined with a primal
subgradient method in order to solve unconstrained convex optimization
problems. The work presented in [1] extends this algorithm to online dis-
tributed optimization over time-varying, directed networks. In [46] a novel
class of continuous-time, gradient-based distributed algorithms is proposed
both for fixed and time-varying graphs and conditions for exponential con-
vergence are provided. A distributed (primal) proximal-gradient method
is proposed in [27] to solve (over time-varying, balanced communication
graphs) optimization problems with a separable cost function including lo-
cal differentiable components and a common non-differentiable term. In [97]
experiments of a dual averaging algorithm are run for separable problems
with a common constraint on time-varying and directed networks.

For general constrained convex optimization problems, in [47] the au-
thors propose a distributed random projection algorithm, that can be used
by multiple agents connected over a (balanced) time-varying network. In [57]
the author proposes (primal) randomized block-coordinate descent meth-
ods for minimizing multi-agent convex optimization problems with linearly
coupled constraints over networks. In [99] an asynchronous ADMM-based
distributed method is proposed for a separable, constrained optimization
problem. The algorithm is shown to converge at the rate O(1/t) (being t
the iteration counter). In [40] the ADMM approach is proposed for a more
general framework, thus yielding a continuum of algorithms ranging from a
fully centralized to a fully distributed. In [13] a method, called ADMM+,
is proposed to solve separable, convex optimization problems with a cost
function written as the sum of a smooth and a nonsmooth term.

Successive block-coordinate updates are proposed in [33,86] to solve sep-
arable optimization problems in a parallel big-data setting. Another class
of algorithms exploits the exchange of active constraints among the net-
work nodes to solve constrained optimization problems [78]. This idea has
been combined with dual decomposition and cutting-plane methods to solve
robust convex optimization problems via polyhedral approximations [20].
These algorithms work under asynchronous, directed and unreliable com-
munication.

2.2 Dual Decomposition Approach Development

We start by introducing some useful definitions that will be used later. Given
a closed, nonempty convex set X, the indicator function of X ⊆ Rd is defined
as IX(x) = 0 if x ∈ X and IX(x) = +∞ otherwise.

Let ϕ : Rd → R∪{+∞}, its conjugate function ϕ∗ : Rd → R is defined as
ϕ∗(y) := supx

{
y>x−ϕ(x)

}
. Let ϕ : Rd → R∪ {+∞} be a closed, proper,

convex function and α a positive scalar, the proximal operator proxαϕ :

Rd → Rd is defined by proxαϕ(v) := argminx

{
ϕ(x)+ 1

2α‖x−v‖2
}

. We also
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introduce a generalized version of the proximal operator. Given a positive
definite matrix W ∈ Rd×d, we define

proxW,ϕ(v) := argmin
x

{
ϕ(x) +

1

2

∥∥x− v
∥∥2

W−1

}
.

We consider the optimization problem introduced in Section 1.2 and we
report it here for easing the discussion

min
x

N∑

i=1

(
fi(x) + gi(x)

)
, (2.1)

where each fi : Rd → R ∪ {+∞} is a proper, closed and strongly convex
extended real-valued function with strong convexity parameter σi > 0 and
each gi : Rd → R∪{+∞} is a proper, closed and convex extended real-valued
functions.

Note that, given an optimization problem, the split of fi and gi may be
non-unique and may depend on the problem structure. Roughly speaking,
on fi an easy minimization step can be performed (e.g., by division free
operations, [79]), while gi has an easy expression of its proximal operator.

Remark 2.2.1 (Min-max problems). Our set-up does not require fi to
be differentiable, thus one can also consider each strongly convex function
fi given by fi(x) := maxj∈{1,...,mi} fij(x), mi ∈ N, where {fij(x) | j ∈
{1, . . . ,mi}} is a nonempty collection of strongly convex functions. �

Since we will work on a dual formulation of problem (2.1), we introduce
the next standard assumption which guarantees that a dual approach is
applicable, i.e. the dual problem is equivalent to the primal (strong duality).

Assumption 2.2.2 (Constraint qualification). The intersection of the rel-
ative interior of dom

∑N
i=1 fi and the relative interior of dom

∑N
i=1 gi is

non-empty. �

We want the optimization problem (2.1) to be solved in a distributed way
by a network of peer processors without a central coordinator. Each pro-
cessor has a local memory, a local computation capability and can exchange
information with neighboring nodes. We assume that the communication
can occur among nodes that are neighbors in a given fixed, undirected and
connected graph G = ({1, . . . , N}, E), where E ⊆ {1, . . . , N} × {1, . . . , N} is
the set of edges. That is, the edge (i, j) models the fact that node i and j
can exchange information. We recall that Ni denotes the set of neighbors of
node i in the fixed graph G, i.e., Ni := {j ∈ {1, . . . , N} | (i, j) ∈ E}, and by
|Ni| its cardinality.

To exploit the sparsity of the graph we introduce copies of x and their
coherence (consensus) constraint, so that the optimization problem (2.1) can
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be equivalently rewritten as

min
x1,...,xN

N∑

i=1

(
fi(xi) + gi(xi)

)

subj. to xi = xj , (i, j) ∈ E ,
(2.2)

with xi ∈ Rd for all i ∈ {1, . . . , N}. Since G is connected, then the equiva-
lence is guaranteed.

Since we propose distributed dual algorithms, next we derive the dual
problem and characterize its properties. To obtain the desired separable
structure of the dual problem, we set-up an equivalent formulation of prob-
lem (2.2) by adding new variables zi, i ∈ {1, . . . , N}, i.e.,

min
x1,...,xN
z1,...,zN

N∑

i=1

(
fi(xi) + gi(zi)

)

subj. to xi = xj (i, j) ∈ E ,
xi = zi i ∈ {1, . . . , N}.

(2.3)

Let X = [x>1 . . . x>N ]> and Z = [z>1 . . . z>N ]>, the Lagrangian of primal
problem (2.3) is given by

L(X,Z,Λ,µ) =
N∑

i=1

(
fi(xi) + gi(zi) +

∑

j∈Ni
λ>ij(xi − xj) + µ>i (xi − zi)

)

=

N∑

i=1

(
fi(xi) +

∑

j∈Ni
λ>ij(xi − xj) + µ>i xi + gi(zi)− µ>i zi

)
,

where Λ and µ are respectively the vectors of the Lagrange multipliers
λij ∈ Rd, (i, j) ∈ E , and µi ∈ Rd, i ∈ {1, . . . , N}, and in the last line we
have separated the terms containing xi and zi. Since G is undirected, the
Lagrangian can be rearranged as

L(X,Z,Λ,µ) =

N∑

i=1

(
fi(xi) + x>i

( ∑

j∈Ni
(λij − λji) + µi

)
+ gi(zi)− z>i µi

)
.
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The dual function is

q(Λ,µ) = min
X,Z
L(X,Z,Λ,µ)

= min
X

N∑

i=1

(
fi(xi) + x>i

( ∑

j∈Ni
(λij − λji) + µi

))

+ min
Z

N∑

i=1

(
gi(zi)− z>i µi

)

=
N∑

i=1

min
xi

(
fi(xi) + x>i

( ∑

j∈Ni
(λij − λji) + µi

))

+
N∑

i=1

min
zi

(
gi(zi)− z>i µi

)
,

where we have used the separability of the Lagrangian with respect to each
xi and each zi. Then, by using the definition of conjugate function,the dual
function can be expressed as

q(Λ,µ) =
N∑

i=1

(
− f∗i

(
−
∑

j∈Ni
(λij − λji)− µi

)
− g∗i (µi)

)
.

The dual problem of (2.3) consists in maximizing the dual function with
respect to dual variables Λ and µ, i.e.,

max
Λ,µ

N∑

i=1

(
− f∗i

(
−
∑

j∈Ni
(λij − λji)− µi

)
− g∗i (µi)

)
. (2.4)

Under Assumption 2.2.2 the dual problem (2.4) is feasible (see [9, Chap-
ter 5]) and strong duality holds, so that (2.4) can be equivalently solved to
get a solution of (2.3).

In order to have a more compact notation for problem (2.4), we stack
the dual variables as y = [y>1 . . . y>N ]>, where

yi =

[
Λi

µi

]
∈ Rd|Ni|+d (2.5)

with Λi ∈ Rd|Ni| a vector whose block-component associated to neighbor j
is λij ∈ Rd. Thus, changing sign to the cost function, dual problem (2.4)
can be restated as

min
y

Γ(y) = F ∗(y) +G∗(y), (2.6)
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where

F ∗(y) =
N∑

i=1

f∗i
(
−
∑

j∈Ni
(λij − λji)− µi

)
,

G∗(y) =

N∑

i=1

g∗i
(
µi
)
.

2.3 Distributed Dual Proximal Algorithms

In this section we derive the proposed distributed optimization algorithms
based on dual proximal gradient methods.

2.3.1 Distributed Dual Proximal Gradient (DDPG)

We begin by deriving a synchronous algorithm on a fixed graph. We assume
that all the nodes share a common clock. At each time instant t ∈ N, every
node communicates with its neighbors in the graph G = ({1, . . . , N}, E) and
updates its local variables.

First, we provide an informal description of the distributed optimization
algorithm. Each node i ∈ {1, . . . , N} stores a set of local dual variables
λij , j ∈ Ni, and µi, updated through a local proximal gradient step, and a
primal variable x?i , updated through a local minimization. Each node uses
a properly chosen, local step-size αi for the proximal gradient step. Then,
the updated primal and dual values are exchanged with the neighboring
nodes. The local dual variables at node i are initialized as λij0, j ∈ Ni, and
µi0. A pseudo-code of the local update at each node is given in Distributed
Algorithm 1.

Remark 2.3.1. In order to start the algorithm, a preliminary communica-
tion step is needed in which each node i receives from each neighbor j its λji0
(to compute x0

i ) and the convexity parameter σj of fj (to set αi, as it will
be clear from the analysis in Section 2.4.2). This step can be avoided if the
nodes agree to set λij0 = 0 and know a bound for αi. Also, it is worth noting
that, differently from other existing algorithms, in general λtij 6= −λtji. �

We point out once more that to run the DDPG algorithm the nodes need
to have a common clock. Also, it is worth noting that, as it will be clear
from the analysis in Section 2.4.2, to set the local step-size each node needs
to know the number of nodes, N , in the network. In the next subsections
we present two asynchronous distributed algorithms which overcome these
limitations.
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Distributed Algorithm 1 DDPG

Processor states: xi, λij for all j ∈ Ni and µi

Initialization: λ0
ij = λij0 for all j ∈ Ni, µ0

i = µi0 and

x0
i = argmin

xi

{
x>i

( ∑

j∈Ni
(λij0 − λji0) + µi0

)
+ fi(xi)

}

Evolution:
for: t = 1, 2, . . . do
receive xtj for each j ∈ Ni, update

λt+1
ij = λtij + αi

(
xti − xtj

)

µ̃i = µti + αi xti

µt+1
i = µ̃i − αi prox 1

αi
gi

(
µ̃i
αi

)

receive λt+1
ji for each j ∈ Ni and compute

xt+1
i = argmin

xi

{
x>i

( ∑

j∈Ni

(
λt+1
ij − λt+1

ji

)
+ µt+1

i

)
+ fi(xi)

}
(2.7)

2.3.2 Asynchronous Node-based DDPG (A-DDPG)

In this subsection, we propose a node-based asynchronous algorithm. We
consider an asynchronous protocol where each node has its own concept of
time defined by a local timer, which randomly and independently of the
other nodes triggers when to awake itself. Between two triggering events
the node is in an idle mode, i.e., it continuously receives messages from
neighboring nodes. When a trigger occurs, it switches into an awake mode
in which it updates its local (primal and dual) variables and transmits the
updated information to its neighbors.

Formally, the triggering process is modeled by means of a local clock
τi ∈ R≥0 and a randomly generated waiting time Ti. As long as τi < Ti the
node is in idle mode. When τi = Ti the node switches to the awake mode
and, after running the local computation, resets τi = 0 and draws a new
realization of the random variable Ti. We make the following assumption
on the local waiting times Ti.

Assumption 2.3.2 (Exponential i.i.d.1 local timers). The waiting times
between consecutive triggering events are i.i.d. random variables with the
same exponential distribution. �

1Independent and Identically Distributed.

31



Chapter 2. Asynchronous Distributed Optimization via Randomized

Dual Proximal Gradient

When a node i is in idle, it continuously receives messages from awake
neighbors. If the local timer τi triggers or new dual variables λji are received,
it wakes up. When a node i wakes up, its primal variable xi through a
local minimization. Moreover, if the transition was due to the local timer
triggering, then it also updates and broadcasts its local dual variables λij ,
j ∈ Ni and µi by a local proximal gradient step. The local step-size of the
proximal gradient step for node i is denoted by αi. In order to highlight the
difference between updated and old variables at node i during the “awake”
phase, we denote the updated ones as λ+

ij and µ+
i respectively. Notice that

we tacitly assume that agents are able to complete their local computation
and communication before another triggering in the network occurs. It is
worth noting that, being the algorithm asynchronous, there is no common
clock as in the synchronous version. The algorithm is reported Distributed
Algorithm 2 from the perspective of agent i.

Distributed Algorithm 2 Node-based A-DDPG

Processor states: xi, λij for all j ∈ Ni and µi

Initialization: λij = λij,0 for all j ∈ Ni, µi = µi0 and

xi = argmin
xi

{
x>i
( ∑
j∈Ni

(
λij,0 − λji,0

)
+ µi0

)
+ fi(xi)

}

set τi = 0 and get a realization Ti

Evolution:
IDLE:

while: τi < Ti do:
Receive xj and/or λji from each j ∈ Ni.
if: dual variables are received, then: go to AWAKE .

AWAKE:

Compute and broadcast

x+
i = argmin

xi

{
x>i

( ∑

j∈Ni

(
λ+
ij − λji

)
+ µ+

i

)
+ fi(xi)

}
(2.8)

if: τi = Ti, then: update and broadcast

λ+
ij = λij + αi

(
x+
i − xj

)
, for all j ∈ Ni

µ̃i = µi + αi x+
i

µ+
i = µ̃i − αi prox 1

αi
gi

(
µ̃i
αi

)

set τi = 0, get a new realization Ti and go to IDLE .
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2.3.3 Asynchronous Edge-based DDPG

In this subsection we present a variant of the A-DDPG in which an edge
becomes active uniformly at random, rather than a node. In other words,
we assume that timers are associated to edges, rather than to nodes, that
is a waiting time Tij is extracted for edge (i, j). The processor states and
their initialization stay the same except for the timers. Notice that here we
are assuming that nodes i and j have a common waiting time Tij and, con-
sistently, a local timer τij . Each waiting time Tij satisfies Assumption 2.3.2.
In Distributed Algorithm 3 we report (only) the evolution for this modified
scenario. In this edge-based algorithm the dual variable µi (associated to
the constraint xi = zi) cannot be updated every time an edge (i, j), j ∈ Ni,
becomes active (otherwise it would be updated more often than the variables
λij , j ∈ Ni). Thus, we identify one special neighbor jµi ∈ Ni and update
µi only when the edge (i, jµi) is active.

Distributed Algorithm 3 Edge-Based Formulation of Distributed Algo-
rithm 2 (evolution)

IDLE: while τij < Tij do: nothing
go to AWAKE .

AWAKE:

send xi to j and receive xj from j
update and send to j, λ+

ij = λij + αi
(
xi − xj

)

if: j = jµi then: update µ+
i = proxαig∗i

(
µi + αi xi

)

compute

x+
i = argmin

xi

{
x>
i

( ∑

j∈Ni

(
λ+
ij − λji

)
+ µ+

i

)
+ fi(xi)

}

set τij = 0, deal on a new realization Tij and go to IDLE .

2.4 Analysis of the Distributed Algorithms

To start the analysis we first introduce a more general version of (centralized)
proximal gradient methods, namely by introducing a weight matrix in the
proximal step.

2.4.1 Weighted Proximal Gradient Methods

Consider the following composite optimization problem

min
y∈Rd

Γ(y) := Φ(y) + Ψ(y), (2.9)

where Φ : Rd → R and Ψ : Rd → R ∪ {+∞} are convex functions.
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We decompose the decision variable as y = [y>1 , . . . ,y
>
N ]> and, con-

sistently, we decompose the space Rd into N subspaces as follows. Let
U ∈ Rd×d be a column permutation of the d × d identity matrix and, fur-
ther, let U = [U1 U2 . . . UN ] be a decomposition of U into N submatrices,
with Ui ∈ Rd×di and

∑
i di = d. Thus, any vector y ∈ Rd can be uniquely

written as y =
∑

i Uiyi and, vice-versa, yi = U>i y.
We let problem (2.9) satisfy the following assumptions.

Assumption 2.4.1 (Block Lipschitz continuity of ∇Φ). The gradient
of Φ is block coordinate-wise Lipschitz continuous with positive constants
L1, . . . , LN . That is, for all y ∈ Rd and si ∈ Rdi it holds

‖∇iΦ(y + Uisi)−∇iΦ(y)‖ ≤ Li‖si‖,

where ∇iΦ(y) is the i-th block component of ∇Φ(y). �

Assumption 2.4.2 (Separability of Ψ). The function Ψ is block-separable,
i.e., it can be decomposed as Ψ(y) =

∑N
i=1 ψi(yi), with each ψi : Rdi →

R ∪ {+∞} a proper, closed convex extended real-valued function. �

Assumption 2.4.3 (Feasibility). The set of minimizers of problem (2.9)
is non-empty. �

Deterministic descent

We first show how the standard proximal gradient algorithm can be gener-
alized by using a weighted proximal operator.

Following the same line of proof as in [6], we can prove that a generalized
proximal gradient iteration, given by

yt+1 = proxW,Ψ

(
yt −W∇Φ

(
yt
))

= argmin
y

{
Ψ(y) +

1

2

∥∥∥y −
(
yt −W∇Φ

(
yt
))∥∥∥

2

W−1

}
,

(2.10)

converges in objective value to the optimal solution of (2.9) with rate O(1/t).
In order to extend the proof of [6, Theorem 3.1] we need to use a general-

ized version of [6, Lemma 2.1]. To this end we can use a result by Nesterov,
given in [66], which is recalled in the following lemma for completeness.

Lemma 2.4.4 (Generalized Descent Lemma). Let Assumption 2.4.1 hold,
then for all s ∈ RN

Φ(y + s) ≤ Φ(y) + s>∇Φ(y) +
1

2

∥∥ s
∥∥2

W−1 ,

where W := diag(w1, . . . , wN ) satisfies wi ≤ 1
NLi

for all i ∈ {1, . . . , N}. �

Tighter conditions than the one given above can be found in [58,86].
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Theorem 2.4.5. Let Assumption 2.4.1 and 2.4.3 hold and let {yt}t≥0 be
the sequence generated by iteration (2.10) applied to problem (2.9). Then
for any t ≥ 1, it holds

Γ(yt)− Γ(y?) ≤
∥∥y0 − y?

∥∥2

W−1

2t
,

where W := diag(w1, . . . , wN ) with wi ≤ 1
NLi

, y0 is the initial condition and
y? is any minimizer of problem (2.9).

Proof. The theorem is proven by following the same arguments as in [6,
Theorem 3.1], but using Lemma 2.4.4 in place of [6, Lemma 2.1].

Randomized block-coordinate descent

Next, we present a randomized version of the weighted proximal gradient,
proposed in the literature in [85, Algorithm 2] and called Uniform Coordi-
nate Descent for Composite functions (UCDC). It is reported in Algorithm 4.

Algorithm 4 UCDC

Initialization: y0 = y0

for: t = 0, 1, 2, . . . do
choose it ∈ {1, . . . , N} with probability 1

N
compute

T (it)
(
yt
)

= argmin
s∈Rnit

{
Vit(y

t, s)
}

(2.11a)

where

Vit(y, s) := ∇itΦ(y)>s +
Lit
2
‖s‖2 + ψit(yit + s) (2.11b)

update

yt+1 = yt + UitT
(it)
(
yt
)
. (2.12)

The convergence result for UCDC is given in [85, Theorem 5], here re-
ported for completeness.

Theorem 2.4.6 ([85, Theorem 5]). Let Assumptions 2.4.1, 2.4.2 and 2.4.3
hold. Let Γ? denote the optimal cost of problem (2.9). Then, for any ε ∈(
0,Γ(y0) − Γ?

)
, there exists t̄(ε, ρ) > 0 such that if y(t) is the random
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sequence generated by UCDC (Algorithm 4) applied to problem (2.9), then
for all t ≥ t̄ it holds that

Pr
(

Γ(yt)− Γ? ≤ ε
)
≥ 1− ρ,

where y0 ∈ RN is the initial condition and ρ ∈ (0, 1) is the target confi-
dence. �

2.4.2 Analysis of DDPG

We start this section by recalling some important properties of conjugate
functions that will be useful for the convergence analysis of the proposed
distributed algorithms.

Lemma 2.4.7 ([7, 18]). Let ϕ be a closed, strictly convex function and ϕ∗

its conjugate function. Then

∇ϕ∗(y) = argmax
x

{
y>x− ϕ(x)

}
= argmin

x

{
ϕ(x)− y>x

}
.

Moreover, if ϕ is strongly convex with convexity parameter σ, then ∇ϕ∗ is
Lipschitz continuous with Lipschitz constant given by 1

σ . �

In the next lemma we establish some important properties of prob-
lem (2.6) that will be useful to analyze the proposed distributed dual prox-
imal algorithms.

Lemma 2.4.8. Let Φ(y) := F ∗(y) and Ψ(y) := G∗(y) consistently with
the notation of problem (2.9) in Section 2.4.1. Problem (2.6) satisfies As-
sumption 2.4.1 (block Lipschitz continuity of ∇Φ), with (block) Lipschitz
constants given by

Li =

√
1

σ2
i

+
∑

j∈Ni

( 1

σi
+

1

σj

)2
, i ∈ {1, . . . , N},

Assumption 2.4.2 (separability of Ψ) and Assumption 2.4.3 (feasibility). �

Proof. The proof is split into blocks, one for each assumption.

Block Lipschitz continuity of ∇F ∗: We show that the gradient of F ∗

is block coordinate-wise Lipschitz continuous. The i-th block component of
∇F ∗ is

∇iF ∗(y) =

[
∇ΛiF

∗(y)
∇µiF ∗(y)

]
,
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where the block-component of ∇ΛiF
∗ associated to neighbor j is given by

∇λijF
∗ and is equal to

∇λijF
∗(y) = ∇f∗i

(
−
∑

k∈Ni

(
λik − λki

)
− µi

)

−∇f∗j
(
−
∑

k∈Nj

(
λjk − λkj

)
− µj

)
.

By Lemma 2.4.7 both ∇f∗i and ∇f∗j are Lipschitz continuous with Lipschitz

constants 1
σi

and 1
σj

respectively, thus also ∇λijF
∗ is Lipschitz continuous

with constant Lij = 1
σi

+ 1
σj

.

By using the (Euclidean) 2-norm, we have that ∇ΛiF
∗(y) is Lipschitz con-

tinuous with constant
√∑

j∈Ni L
2
ij .

Similarly, the gradient of F ∗ with respect to µi is

∇µiF
∗(y) = ∇f∗i

(
−
∑

k∈Ni

(
λik − λki

)
− µi

)

and is Lipschitz continuous with constant 1
σi

. Finally, we conclude that
∇iF ∗(y) is Lipschitz continuous with constant

Li =

√
1

σ2
i

+
∑

j∈Ni
L2
ij =

√
1

σ2
i

+
∑

j∈Ni

( 1

σi
+

1

σj

)2
.

Separability of G∗: By definition G∗(y) =
∑N

i=1 g
∗
i (µi), where µi is a

component of the block yi. Thus, denoting G∗i (yi) := g∗i (µi), it follows
immediately G∗(y) =

∑N
i=1 g

∗
i (µi) =

∑N
i=1G

∗
i (yi).

Feasibility: From Assumption 2.2.2 and the convexity condition on fi and
gi, strong duality holds, i.e., dual problem (2.6) is feasible and admits at
least a minimizer y?.

Next, we recall how the proximal operators of a function and its conju-
gate are related.

Lemma 2.4.9 (Moreau decomposition, [5]). Let ϕ : Rd → R ∪{+∞} be a
closed, convex function and ϕ∗ its conjugate. Then, for all x ∈ Rd, x =
proxϕ(x) + proxϕ∗(x). �

Lemma 2.4.10 (Extended Moreau decomposition). Let ϕ : Rd → R∪{+∞}
be a closed, convex function and ϕ∗ its conjugate. Then, for any x ∈ Rd
and α > 0, it holds

x = proxαϕ
(
x
)

+ αprox 1
α
ϕ∗

(x

α

)
.
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Proof. Let h(x) = αϕ(x), then from the Moreau decomposition in Lemma
2.4.9, it holds x = proxh(x) + proxh∗(x). To prove the result we simply
need to compute proxh∗(x) in terms of ϕ∗. First, from the definition of
conjugate function we obtain h∗(x) = αϕ∗

(
x
α

)
. Then, by using the definition

of proximal operator and standard algebraic properties from minimization,
it holds true that proxh∗(x) = αprox 1

α
ϕ∗
(

x
α

)
, so that the proof follows.

The next lemma shows how the (weighted) proximal operator of G∗ can
be split into local proximal operators that can be independently carried out
by each single node.

Lemma 2.4.11. Let y = [y>1 . . . y>N ]> ∈ RN(D+d) where yi = [Λ>i µ
>
i ]>

with Λi ∈ RD and µi ∈ Rd, i ∈ {1, . . . , N}. Let G∗(y) =
∑N

i=1 g
∗
i (µi),

then for a diagonal weight matrix Dα = diag(α1, . . . , αN ) > 0, the proximal
operator proxDα,G∗ evaluated at y is given by

proxDα,G∗
(
y
)

=




Λ1

proxα1g∗1
(µ1)

...
ΛN

proxαNg∗N (µN )



.

�

Proof. Let η = [η>1 . . . η>N ]> ∈ RN(D+d), with ηi = [u>i v>i ]>, ui ∈ RD and
vi ∈ Rd, be a variable with the same block structure of y = [y>1 . . . y>N ]> ∈
RN(D+d), with yi = [Λ>i µ

>
i ]> (as defined in (2.5)).

By using the definition of weighted proximal operator and the separabil-
ity of both G∗ and the norm function, we have

proxDα,G∗
(
y
)

:= argmin
η∈RN(D+d)

{
G∗(η) +

1

2

∥∥∥η − y
∥∥∥

2

D−1
α

}

= argmin
η

{ N∑

i=1

(
g∗i (vi) +

1

2αi
‖ui −Λi‖2 +

1

2αi
‖vi − µi‖2

)}
.

The minimization splits on each component ηi of η, giving

proxDα,G∗
(
y
)

=




argmin
u1

‖u1 −Λ1‖2

argmin
v1

{
g∗1(v1) +

1

2α1
‖v1 − µ1‖2

}

...

argmin
uN

‖uN −ΛN‖2

argmin
vN

{
g∗N (vN ) +

1

2αN
‖vN − µN‖2

}




so that the proof follows from the definition of proximal operator.
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We are ready to show the convergence of the DDPG (Distributed Algo-
rithm 1).

Theorem 2.4.12. For each i ∈ {1, . . . , N}, let fi be a proper, closed
and strongly convex extended real-valued function with strong convexity pa-
rameter σi > 0, and let gi be a proper convex extended real-valued func-
tion. Suppose that in Algorithm 1 the local step-size αi is chosen such that
0 < αi ≤ 1

NLi
, with Li given by

Li =

√
1

σ2
i

+
∑

j∈Ni

( 1

σi
+

1

σj

)2
, ∀ i ∈ {1, . . . , N}. (2.13)

Then the sequence yt = [(yt1)> . . . (ytN )>]> generated by the DDPG (Algo-
rithm 1) for all t ≥ 1 satisfies

Γ(yt)− Γ(y?) ≤
∥∥y0 − y?

∥∥2

D−1
α

2t
,

where y? is any minimizer of (2.6), y0 = [(y0
1)> . . . (y0

N )>]> is the initial
condition and Dα := diag(α1, . . . , αN ).

Proof. The theorem is proven in two stages. First, in Lemma 2.4.8 we
have shown that problem (2.6) satisfies the assumptions of Theorem 2.4.5
and, thus, a (deterministic) weighted proximal gradient solves the problem.
Thus, we need to show that DDPG (Distributed Algorithm 1) is a weighted
proximal gradient scheme.

The weighted proximal gradient algorithm, described by (2.10), applied
to problem (2.6), with W := Dα, is given by

yt+1 = proxDα,G∗

(
yt −Dα∇F ∗

(
yt
))
. (2.14)

Now, by Lemma 2.4.8, Li given in (2.13) is the Lipschitz constant of the
i-th block of ∇F ∗. Thus, using the hypothesis αi ≤ 1

NLi
, we can apply

Theorem 2.4.5, which ensures convergence with a rate of O(1/t) in objective
value.

In order to disclose the distributed update rule, we first split (2.14) into
two steps, i.e.,

ỹ = yt −Dα∇F ∗
(
yt
)

(2.15a)

yt+1 = proxDα,G∗
(
ỹ
)

(2.15b)

and, then, compute explicitly each component of both the equations. Fo-
cusing on (2.15a) and considering that Dα is diagonal, we can write the i-th
block component of ỹ as

ỹi =

[
Λ̃i

µ̃i

]
= yti − αi∇iF ∗

(
yt
)
,
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where the explicit update of the block-component of Λ̃i associated to neigh-
bor j is

λ̃ij = λtij − αi
∂F ∗(y)

∂λij

∣∣∣∣∣
y=yt

= λtij + αi

[
∇f∗i

(
−
∑

k∈Ni
(λtik − λtki)− µti

)

−∇f∗j
(
−
∑

k∈Nj
(λtjk − λtkj)− µtj

)] (2.16)

and the explicit update of µ̃i is

µ̃i = µti − αi
∂F ∗(y)

∂µi

∣∣∣∣∣
y=yt

= µti + αi∇f∗i
(
−
∑

k∈Ni
(λtik − λtki)− µti

)
. (2.17)

Now, denoting

xti := ∇f∗i
(
−
∑

k∈Ni
(λtik − λtki)− µti

)
,

from Lemma 2.4.7 it holds

xti = argmin
xi

{
x>i

( ∑

k∈Ni

(
λtik − λtki

)
+ µti

)
+ fi(xi)

}
.

Thus, we can rewrite (2.16) and (2.17) in terms of xti obtaining

λ̃ij = λtij + αi

(
xti − xtj

)

µ̃i = µti + αi xti.

Finally, the last step consists of applying the rule (2.15b) to ỹ. In order
to highlight the distributed update, we rewrite (2.15b) in a component-wise
fashion, i.e.,

yt+1 =




Λt+1
1

µt+1
1
...

Λt+1
N

µt+1
N




= proxDα,G∗







Λ̃1

µ̃1
...

Λ̃N

µ̃N






,

and applying Lemma 2.4.11 and Lemma 2.4.10 with ϕi = g∗i , we obtain

yt+1 =




Λ̃1

proxα1g∗1
(µ̃1)

...

Λ̃N

proxαNg∗N (µ̃N )




=




Λ̃1

µ̃1−α1prox 1
α1
g1

(
µ̃1
α1

)

...

Λ̃N

µ̃N−αNprox 1
αN

gN

(
µ̃N
αN

)



,

so that the proof follows.
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Remark 2.4.13 (Nesterov’s acceleration). We can include a Nesterov’s
extrapolation step in the algorithm, which accelerates the algorithm (further
details in [67]), attaining a faster O(1/t2) convergence rate in objective value.
In order to implement the acceleration, each node needs to store a copy of
the dual variables at the previous iteration. Thus, the update law in (2.15)
would be changed in the following

ỹ = yt −Dα∇F ∗
(
yt
)

ŷt = proxDα,G∗
(
ỹ
)

yt+1 = ŷt + θt
(
ŷt − ŷt−1

)
.

where θt represents the Nesterov overshoot parameter. �

2.4.3 Analysis of Node-Based Asynchronous Algorithm

In order to analyze the algorithm we start recalling some properties of i.i.d.
exponential random variables. Let {it}t≥0 with each it ∈ {1, . . . , N}, be
the sequence identifying the generic t-th triggered node. Assumption 2.3.2
implies that it is an i.i.d. uniform process on the alphabet {1, . . . , N}. Each
triggering will induce an iteration of the distributed optimization algorithm,
so that t will be a universal, discrete time indicating the t-th iteration of
the algorithm itself. As mentioned in Section 1.1, from an external perspec-
tive, the described local asynchronous updates result into an algorithmic
evolution in which, at each iteration, only one node wakes up randomly,
uniformly and independently from previous iterations. This variable t will
be used in the statement and in the proof of Theorem 2.4.14. However,
we want to stress that this iteration counter does not need to be known by
the agents. Recall that we assumed that agents are able to complete their
local computations and communications before a new timers triggers in the
network.

Theorem 2.4.14. For each i ∈ {1, . . . , N}, let fi be a proper, closed and
strongly convex extended real-valued function with strong convexity param-
eter σi > 0, and let gi be a proper convex extended real-valued function.
Suppose that in Algorithm 2 each local step-size αi is chosen such that
0 < αi ≤ 1

Li
, with

Li =

√
1

σ2
i

+
∑

j∈Ni

( 1

σi
+

1

σj

)2
, ∀ i ∈ {1, . . . , N}. (2.18)

Then the sequence yt = [(yt1)>, . . . , (ytN )>]> generated by the A-DDPG (Al-
gorithm 2) converges in objective value with high probability, i.e., for any
ε ∈

(
0,Γ(y0)

)
, where y0 = [(y0

1)>, . . . , (y0
N )>]> is the initial condition, and
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target confidence 0 < ρ < 1, there exists t̄(ε, ρ) > 0 such that for all t ≥ t̄ it
holds

Pr
(

Γ(yt)− Γ? ≤ ε
)
≥ 1− ρ,

where Γ? is the optimal cost of problem (2.6).

Proof. To prove the theorem, we proceed in two steps. First, we show
that we can apply the Uniform Coordinate Descent for Composite functions
(Algorithm 4) to solve problem (2.6). Second, we show that, when applied
to this problem, Algorithm 4 gives the iterates of our A-DDPG.

The first part follows immediately by Lemma 2.4.8, which asserts that
problem (2.6) satisfies the assumptions of Theorem 2.4.6, so that Algo-
rithm 4 solves it.

Next, we show that the two algorithms have the same update. First, by
Lemma 2.4.8, Li given in (2.18) is the Lipschitz constant of the i-th block
of ∇F ∗. Thus, in the rest of the proof, following [85], we set αi = 1

Li
(the

maximum allowable value). Clearly the convergence is preserved if a smaller
stepsize is used.

Consistently with the notation in Algorithm 4, let it denote the uniform-
randomly selected index at iteration t. Thus,

T (it)(yt) = argmin
sit∈R

Nit

{
Vit(y

t, sit)
}

defined in (2.11) can be written in terms of a proximal gradient update
applied to the it-th block component of y. In fact, by definition, for our
function Γ = F ∗ +G∗, we have

T (it)
(
yt
)

= argmin
s∈RNit

{
∇itF ∗

(
yt
)>

s +
Lit
2
‖s‖2 + g∗it

(
ytit + s

)}
.

In order to apply the formal definition of a proximal gradient step, we add
a constant term and introduce a change of variable given by s̄ := ytit + s,
obtaining

T (it)
(
yt
)

= −ytit + argmin
s̄∈RNit

{
U>itF

∗(yt
)

+∇itF ∗
(
yt
)>

(s̄− ytit) +
Lit
2
‖s̄− ytit‖2 + g∗it(s̄)

}
,

which yields

T (it)
(
yt
)

= −yit(t) + prox 1
Lit

g∗it

(
ytit −

1

Lit
∇itF ∗

(
yt
))
.

42



2.4. Analysis of the Distributed Algorithms

Thus, update (2.12) in fact changes only the component yit of y, which is
updated as

yt+1
it

= ytit + T (it)
(
yt
)

= prox 1
Lit

g∗it

(
ytit −

1

Lit
∇itF ∗

(
yt
))
, (2.19)

while all the other ones remain unchanged, i.e., yt+1
i = yti for all i ∈

{1, . . . , N} with i 6= it.
Following the same steps as in the proof of Theorem 2.4.12, we split the

update in (2.19) into a gradient and a proximal steps. The gradient step is
given by

ỹit =

[
Λ̃it

µ̃it

]
= ytit −

1

Lit
∇itF ∗

(
yt
)

where Λ̃it and µ̃it are the same as in (2.16) and (2.17) respectively. The
proximal operator step turns out to be

yt+1
it

=

[
Λt+1
it
µt+1
it

]
= prox 1

Lit
g∗it

([
Λ̃it

µ̃it

])
.

Applying Lemma 2.4.11 on the it-th block with αit = 1/Lit , we can rewrite
(2.19) as

[
Λt+1
it
µt+1
it

]
=

[
Λ̃it

µ̃it − 1
Lit

proxLitgit

(
Litµ̃it

)
]
, (2.20)

where each component of Λ̃it is given by

λ̃it j = λtit j +
1

Lit

[
xtit − xtj

]
,

and

µ̃it = µtit +
1

Lit
xtit ,

with

xti = argmin
xi

{
x>i

( ∑

k∈Ni

(
λtik − λtki

)
+ µti

)
+ fi(xi)

}
.

Here we have used again the property from Lemma 2.4.7

∇f∗i
(
−
∑

k∈Ni
(λtik − λtki)− µti

)
= xti.

Now, from Assumption 2.3.2 a sequence of nodes it, t = 1, 2..., becomes
active according to a uniform distribution, so that each node triggering can
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be associated to an iteration of Algorithm 4 given by the update in (2.20).
That is, only a node it is active in the network, which performs an update of
its dual variables yit . In order to perform the local update, the selected node
it needs to know the most updated information after the last triggering. As
regards the neighbors’ dual variables λj it , j ∈ Nit , they have been broadcast
by each j ∈ Nit the last time it has become active. Regarding the primal
variables xj , j ∈ Nit , the situation is a little more tricky. Indeed, xj , j ∈ Nit ,
may have changed in the past due to either j or one of its neighbors has
become active. In both cases j has to broadcast to it its updated dual
variable (either because it has become active or because it has received, in
idle, an updated dual variable from one of its neighbors). Notice that we
are implicitly using the assumption that these operations need a negligible
amount of time.

Remark 2.4.15. Differently from the synchronous algorithm, in the asyn-
chronous version nodes do not need to know the number of nodes, N , in
order to set their local step-size. In fact, each node i can set its parameter
αi by only knowing the convexity parameters σi and σj, j ∈ Ni. �

Remark 2.4.16. If a strongly convex, separable penalty term is added to
the dual function Γ = F ∗ + G∗, then it becomes strongly convex, so that
a stronger result from [85, Theorem 7] applies, i.e., linear convergence with
high probability is guaranteed. Note that strong convexity of the dual function
Γ is obtained if the primal function has Lipschitz continuous gradient, [37,
Chapter X, Theorem 4.2.2]. �

2.4.4 Analysis of Edge-Based Asynchronous Algorithm

The convergence of Distributed Algorithm 3 relies essentially on the same
arguments as in Theorem 2.4.14, but with a different block partition. In
fact, we have to split the y variable into |E| blocks (with |E| the number of
edges of G). Notice that since the dual variables µi are only N , they need to
be associated to a subset of edges. Thus, the variable y is split in blocks yij
given by yij = [λij λji µi] if j = jµi and yij = [λij λji] otherwise. This is
why in the algorithm µi is updated only when neighbor jµi becomes active.

2.5 Framework Flexibility and Numerical Compu-
tations

In this section we illustrate the flexibility of our algorithmic framework which
is able to handle both local constraints and regularizers. Then we show a
numerical experiment to test our distributed algorithms.
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2.5.1 Flexibility of the Algorithmic Framework

In Section 1.2.1 we showed how an optimization problem with local con-
straints, i.e.,

min
x

N∑

i=1

hi(x)

subj. to x ∈
N⋂

i=1

Xi,

can be cast in the form (2.1), i.e., by setting fi(xi) = hi(x) and gi(xi) =
IXi(xi) for all i ∈ {1, . . . , N}. Treating the local constraints in this way, the
local optimization step (2.7) (or (2.8)) turns out to be a local unconstrained
minimization, while the local feasibility is entrusted to the proximal operator
of gi. In fact, the proximal operator of a convex indicator function reduces
to the standard Euclidean projection, i.e.,

proxIX
(
v
)

= argmin
x

{
IX(x) +

1

2
‖x− v‖2

}
= ΠX(v).

Remark 2.5.1. When considering quadratic costs hi, we can benefit greatly
from a numerical point of view. In fact, an unconstrained quadratic pro-
gram can be solved via efficient methods, which often result in division-free
algorithms (possibly after some off-line precomputations), and can be imple-
mented in fixed-point arithmetic, see [79] for further details. �

An attractive feature of our set-up is that one can conveniently decide
how to rewrite the local constraints. In the formulation above, we suggested
to include the local constraint Xi into gi. But it is also reasonable to include
the constraint into fi, by considering the indicator function in its definition,
i.e., define

fi(x) :=

{
hi(x) if x ∈ Xi

+∞ otherwise,
(2.21)

and, thus, have gi identically zero (still convex). This strategy results into an
algorithm which is basically an asynchronous distributed dual decomposition
algorithm. Notice that with this choice recursive feasibility, i.e., xti ∈ Xi for
all t, is obtained provided that the local algorithm solves the minimization
in an interior point fashion.

Between these two extreme scenarios one could also consider other pos-
sibilities. Indeed, it could be the case that one can benefit from splitting
each local constraint Xi into two distinct contributions, i.e., Xi = Yi ∩ Zi.
In this way the indicator function of Yi (e.g., the positive orthant) could
be included into fi, allowing for a simpler constrained local minimization
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step, while the other constraint could be mapped into the second term as
gi(x) = IZi(x).

The choice in (2.21) leads to a simple observation: leaving the gi equal
to zero seems to be a waste of a degree of freedom that could be differently
exploited, e.g., by introducing a regularization term. We next described
an example where we can exploit this degree of freedom. Let us consider
a special instance of problem (2.1), namely a constrained and regularized
problem as the constrained LASSO (see also Section 1.3)

min
lb�x�ub

N∑

i=1

‖Dix− bi‖22 + γ‖x‖1, (2.22)

where x is the decision variable, and Di and bi represent respectively the
data matrix and the labels associated with examples assigned to node i. The
inequalities lb � x � ub are meant component-wise.

As discussed before, the flexibility of our algorithmic framework allows us
to handle, together with local constraints, also a regularization cost through
the gi. The first way to map the problem in our set-up is by defining

fi(x) :=

{
‖Dix− bi‖2 if x ∈ Xi

+∞ otherwise
(2.23)

and setting gi(x) := γ
N ‖x‖1.

The proximal operator of the `1-norm admits an analytic solution which
is well known as soft thresholding operator. When applied to a vector v ∈ Rd
(with `-th component v`), it gives a vector in Rd whose `-th component is

(
proxγ‖·‖1(v)

)
`

=





v` − γ, v` > γ

0, |v`| ≤ γ
v` + γ, v` < −γ

(2.24)

i.e., it thresholds the components of v which are in modulus greater then
γ, see, e.g., [6, 81]. In Figure 2.1 a graphical representation of the soft
shareholding operator is given.

(
proxγ‖·‖1(v)

)
`

v`−γ γ

Figure 2.1: Soft-thresholding operator.
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Alternatively, we may include both the constraint Xi and the regular-
ization term into the gi as

gi(x) :=

{
λ‖x‖1 if x ∈ Xi

+∞ otherwise.

Thus, we obtain an unconstrained local minimization at each node. This
choice is particularly appealing when the constraint Xi is a box, i.e., Xi =
{v ∈ Rd | lb` ≤ v` ≤ ub` for all ` ∈ {1, . . . , d}}. In this case the proximal
operator of gi becomes a saturated version of the soft-thresholding operator,
as depicted in Figure 2.2.

v`

lb`

ub`

−γ γ

Figure 2.2: Saturated soft-thresholding operator.

2.5.2 Application to the Constrained LASSO

In this section we test the proposed distributed algorithms on a numerical
instance of a constrained LASSO optimization problem (2.22).

The decision variable x ∈ R3, Di ∈ R150×3 and bi ∈ R150 for all
i ∈ {1, . . . , N}. We randomly generate the LASSO data following the idea
suggested in [81]. Each entry of Di is ∼ N (0, 1), and each bi is generated
by perturbing a “true” solution xtrue (which has around a half nonzero en-
tries) with an additive noise v ∼ N (0, 10−2I). Then the matrix Di and
the vector bi are normalized with respect to the number of local samples

at each node. The box bounds are set to lb =
[
−0.8 −0.8 −0.8

]>
and

ub =
[
0.8 0.8 0.8

]>
, while the regularization parameter is γ = 0.1.

To match the problem with our distributed framework, we introduce
copies xi of the decision variable x. Consistently, we define the local func-
tions fi as the least-square costs in (2.23), where each Xi is the box defined
by lb and ub. We let each gi be the `1-norm regularization term with local
parameter γ/N . We initialize to zero the dual variables λij , j ∈ Ni, and
µi for all i ∈ {1, . . . , N}, and use as step-sizes αi = Li, where Li has the
expression in (2.13), with σi being the smallest eigenvalue of D>i Di.

We consider an undirected connected Erdős-Rényi graph G, with param-
eter 0.2, connecting N = 50 nodes.
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Dual Proximal Gradient

We run both the synchronous and the asynchronous algorithms over this
underlying graph and we stop them if the difference between the current
dual cost and the optimal value drops below the threshold of 10−6.

Figure 2.3 shows the difference between the dual cost at each iteration
t and the optimal value, Γ(yt) − Γ?, in a logarithmic scale. In particular,
the rates of convergence of the synchronous (left) and asynchronous (right)
algorithms are shown. For the asynchronous algorithm, we normalize the
iteration counter t with respect the number of agents N .

0 100 200 300
10−6

10−5

10−4

10−3

10−2

10−1

100

t

Γ
(y

t
)
−

Γ
?

0 2 4 6 8
10−6

10−5

10−4

10−3

10−2

10−1

100

t/N

Γ
(y

t
)
−

Γ
?

Figure 2.3: Evolution of the cost error, in logarithmic scale, for the syn-
chronous (left) and node-based asynchronous (right) distributed algorithms.

Then we concentrate on the asynchronous algorithm. In Figure 2.4 we
plot the evolution of the (three) components of the primal variables, xti,
i ∈ {1, . . . , N}. The horizontal dotted lines represent the optimal solution.
It is worth noting that the optimal solution has a first component slightly
below the constraint boundary, a second component equal to zero, and a
third component on the constraint boundary. This optimal solution can be
intuitively explained by the “simultaneous influence” of the box constraints
(which restrict the set of admissible values) and the regularization term
(which enforces sparsity of the vector x). In the picture inset, the first
iterations for a subset of selected nodes are highlighted, in order to better
show the transient, piece-wise constant behavior due to the gossip update
and the effect of the box constraint on each component.

Specifically, for the first component, it can be seen how the temporary so-
lution of some agents hits the boundary in some iterations (e.g., one of them
hits the boundary from iteration 50 to iteration 100) and then converges to
the (feasible) optimal value. The second components are always inside the
box constraint and converge to zero, while the third components start inside
the box and then in a finite number of iterations hit the boundary.
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Figure 2.4: Evolution of the three components of primal variables xti,
i ∈ {1, . . . , N}, for the node-based A-DDPG.
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Chapter 3

Asynchronous Methods for
Partitioned Optimization

In this chapter we consider partitioned big-data optimization problems that
we introduced in Section 1.2.2. Specifically, we propose and analyze two al-
ternative asynchronous approaches to solve partitioned problems. The first
method is based on duality and extends the methodology proposed in Chap-
ter 2 to the partitioned set-up. In this way, we design an asynchronous dis-
tributed algorithm, based on a block-coordinate proximal gradient applied
to a dual formulation of the problem, to solve strongly convex problems with
costs and constraints depending only on a small portion of the huge deci-
sion variable In the second part, we propose a primal approach that allows
us to design a distributed optimization algorithm for composite partitioned
nonconvex costs where the second term depends on the local variable. The
results of this chapter are based on [68,69].

3.1 Literature Review

The partitioned set-up has been introduced in [32] where a distributed
ADMM-based algorithm is proposed. In [22] some concrete motivating sce-
narios are described for the same set-up and a dual decomposition algorithm
is proposed. In both the above references the algorithms are designed for a
synchronous network with a fixed communication graph. In [58], an anal-
ogous problem formulation is considered within a parallel context. The
authors propose a coordinate descent method and derive its convergence
rate. In [94] the authors propose a distributed algorithm for a partitioned
quadratic program under lossy communication. A distributed ADMM-based
algorithm with applications in MPC is proposed in [56] to deal with an un-
constrained optimization problem with local domains which is related to the
partitioned set-up.

Usually, distributed approaches need a common clock (e.g., because a
diminishing (time-varying) step-size is used). We want to avoid this limita-
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tion and, to this end, we adopt an asynchronous, event-triggered communi-
cation protocol based on local and independent timers. (See Section 1.1).
A Newton-Raphson consensus strategy is proposed in [105] to solve un-
constrained, convex optimization problems under asynchronous, symmetric
gossip communications. In [30] a self-triggered communication protocol is
considered. Based on an error condition a distributed, continuous-time al-
gorithm is developed. In [99] an asynchronous ADMM-based distributed
method is proposed for a separable, constrained optimization problem with
a convergence rate O(1/t). A distributed, asynchronous algorithm for con-
strained optimization based on random projections is proposed in [48].

The analysis of the asynchronous distributed algorithms we design in
this chapter are based on a (randomized) block-coordinate descent method.
In [66] the coordinate method for huge scale optimization has been intro-
duced. This powerful approach has been extended to deal with (convex)
composite objective functions and parallel scenarios, see [58, 85, 86]. In [57]
a coordinate approach to solve linearly constrained problems has been pro-
posed. Using a coordinate ADMM-based approach, in [13] a distributed,
asynchronous algorithm is developed.

In the second part of the chapter we investigate nonconvex problems.
In [83], the authors extend the coordinate approach to large-scale nonconvex
optimization proving the rate of convergence of their algorithms. A parallel
algorithm based on local strongly convex approximations is exploited in [33]
to cope with nonconvex optimization problems. The latter approach has
been extended to a distributed context in [29]. In [15], the authors proposed
an auction-based distributed algorithm for nonconvex optimization.

3.2 Partitioned Dual Decomposition for Distributed
Optimization

In this section we describe a dual approach to solve partitioned optimization
problems introduced in Section 1.2.2. Specifically, we consider a network of
agents aiming at solving a structured optimization problem in a distributed
way. The nodes, {1, . . . , N}, interact according to a fixed connected, undi-
rected graph G = ({1, . . . , N}, E). Notice that in this set-up, the graph G
is strictly related to the structure of the optimization problem. In fact, the
problem we formally aim at solving is in the form

min
x∈Rd

N∑

i=1

fi(xi, {xj}j∈Ni)

subj. to (xi, {xj}j∈Ni) ∈ Xi, i ∈ {1, . . . , N},
(3.1)

where we recall that the notation fi(xi, {xj}j∈Ni) means that fi is, in fact,
a function of xi and xj , j ∈ Ni only, and the notation (xi, {xj}j∈Ni) ∈ Xi

52



3.2. Partitioned Dual Decomposition for Distributed Optimization

means that the constraint set Xi involves only the variables xi and xj ,
j ∈ Ni. We stress that the constraint sets Xi can involve all (neighboring)
variables (xi, {xj}j∈Ni) of agent i and not just xi. This apparently minor
feature in fact adds much more generality to the problem and introduces
important significant challenges. For example, the primal approach inves-
tigated in Section 3.3 does not apply to this case since it can handle only
constraints in the form xi ∈ Xi.

The following assumptions on problem 3.1 will be used in this section.

Assumption 3.2.1. For all i ∈ {1, . . . , N}, the function fi : R
∑
j∈Ni∪{i} nj →

R is strongly convex with parameter σi > 0. �

Assumption 3.2.2. The constraint sets Xi ⊆ R
∑
j∈Ni∪{i} nj , i ∈ {1, . . . , N}

are nonempty convex and compact. �

Assumption 3.2.3 (Constraint qualification). The intersection of the rel-
ative interior of the sets Xi, i ∈ {1, . . . , N}, is non-empty. �

Under Assumptions 3.2.1 and 3.2.2 problem (3.1) is feasible and admits
a unique optimal solution f? attained at some x? ∈ Rd. Assumption 3.2.3
is a standard requirement to guarantee that a dual approach will enjoy the
strong duality property.

3.2.1 Dual Decomposition for the Partitioned Set-up

In order to introduce our distributed dual algorithms, we derive a partitioned
dual decomposition scheme by introducing suitable copies of the decision
variables. Because of the structure of fi and Xi, i ∈ {1, . . . , N}, the classical
dual decomposition is considerably redundant. The idea is to exploit the
partitioned structure to limit the range of equivalences among the auxiliary
variables, and, in turn, their diffusion over the network. Once we create
copies of the vector x ∈ Rd, we enforce each state xi ∈ Rni to be identical
only for the neighboring nodes j ∈ Ni ∪ {i} which use this information.
Formally, we reformulate problem (3.1) as

min

N∑

i=1

fi
(
x

(i)
i , {x

(i)
j }j∈Ni

)

subj. to
(
x

(i)
i , {x

(i)
j }j∈Ni

)
∈ Xi, i ∈ {1, . . . , N},

x
(i)
i = x

(j)
i , (i, j) ∈ E ,

x
(i)
j = x

(j)
j , (i, j) ∈ E ,

(3.2)

where the symbol x
(j)
i denotes the copy of state xi stored in memory of

node j. Notice that connected nature of the graph G ensures equivalence
between (3.1) and (3.2).

53



Chapter 3. Partitioned Optimization Problems

As an example, in Figure 3.1 we visualize the partitioned set-up for a
path graph of N = 4 nodes. Along i-th column, we show the coupling due to
the local cost fi and the local constraint Xi, which involves only the states

handled by node i, i.e., x
(i)
i and x

(i)
j with j ∈ Ni. Along the i-th row, we

show the coupling due to copies x
(j)
i , j ∈ Ni, of the variable xi.

x1

x2

x3

x4

X1 X2 X3 X4

f1 f2 f3 f4

path graph

x
(4)
4

x
(1)
2

x
(1)
1

x
(2)
3

x
(2)
2 x

(3)
2

x
(3)
4

x
(3)
3 x

(4)
3

x
(2)
1

Figure 3.1: Partitioned optimization problem over a path graph of N = 4
nodes.

We point out that, for each pair of agents i and j, a constraint x
(i)
i = x

(j)
i

appears two times. This redundant formulation is not accidental, but plays
an important role in exploiting the partitioned structure of the proposed
algorithms.

Next, we introduce an aggregate notation for the copies, which allows us
to be more compact in the derivation of the algorithms and their analysis.
We denote by

y(i) :=
(
x

(i)
i , {x

(i)
j }j∈Ni

)
(3.3)

the set of local variables of node i, arranged as a column vector in R
∑
j∈Ni∪{i} nj .

In this way we can write equivalently

fi
(
x

(i)
i , {x

(i)
j }j∈Ni

)
= fi

(
y(i)
)

and y(i) ∈ Xi.

To tackle problem (3.2) in a distributed way, we start by deriving its
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dual problem. The partial Lagrangian for problem (3.2) is given by

L(X,Λ) =

N∑

i=1

(
fi
(
x

(i)
i , {x

(i)
j }j∈Ni

)

+
∑

j∈Ni

(
λ

(i,j)>
i (x

(i)
i − x

(j)
i ) + λ

(i,j)>
j (x

(i)
j − x

(j)
j )
))

,

(3.4)

where X stacks all the (primal) optimization variables in the network, while
Λ denotes the stack of dual variables, i.e.,

Λ =
[
Λ>1 , . . . ,Λ

>
N

]>
,

with block Λi := [{λ(i,j)
i }j∈Ni , {λ

(i,j)
j }j∈Ni ], i ∈ {1, . . . , N}.

By exploiting the undirected nature and the connectivity of graph G, the
Lagrangian (3.4) can be rewritten as

L(X,Λ) =
N∑

i=1

(
fi
(
x

(i)
i , {x

(i)
j }j∈Ni

)

+ x
(i)>
i

∑

j∈Ni
(λ

(i,j)
i − λ(j,i)

i ) +
∑

j∈Ni
x

(i)>
j

(
λ

(i,j)
j − λ(j,i)

j

)) (3.5)

which is separable with respect to y(i), i ∈ {1, . . . , N}.

Remark 3.2.4. It is worth noting that we have not dualized the local con-

straints (x
(i)
i , {x

(i)
j }j∈Ni) ∈ Xi (thus the notion of partial Lagrangian) since

each of them will be handled by the agents in their local optimization prob-
lem. �

The dual function of (3.2) is obtained by minimizing the Lagrangian
with respect to the primal variables, which gives

q(Λ) = min
X∈X1×···×XN

L(X,Λ) =

N∑

i=1

qi

({
λ

(i,j)
i ,λ

(j,i)
i ,λ

(i,j)
j ,λ

(j,i)
j

}
j∈Ni

)

with

qi

({
λ

(i,j)
i ,λ

(j,i)
i ,λ

(i,j)
j ,λ

(j,i)
j

}
j∈Ni

)
=

min(
x
(i)
i ,{x(i)

j }j∈Ni
)
∈Xi

(
fi
(
x

(i)
i , {x

(i)
j }j∈Ni

)

+ x
(i)>
i

∑

j∈Ni
(λ

(i,j)
i − λ(j,i)

i ) +
∑

j∈Ni
x

(i)>
j (λ

(i,j)
j − λ(j,i)

j )
)
.

(3.6)
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Notice that, since each Xi is compact and nonempty, the minimum
in (3.6) is (uniquely) attained, so that qi is always finite. Thus, the dual
problem of (3.2) is the following unconstrained optimization problem

max
Λ

N∑

i=1

qi

({
λ

(i,j)
i ,λ

(j,i)
i ,λ

(i,j)
j ,λ

(j,i)
j

}
j∈Ni

)
. (3.7)

Remark 3.2.5. Let ϕ : Rd → R∪{+∞}, its conjugate function ϕ∗ : Rd → R
is defined as

ϕ∗(z) := sup
x

(
z>x− ϕ(x)

)
.

Then,

qi

({
λ

(i,j)
i ,λ

(j,i)
i ,λ

(i,j)
j ,λ

(j,i)
j

}
j∈Ni

)
=

− f∗i
( ∑

j∈Ni
(λ

(i,j)
i − λ(j,i)

i ),
{

(λ
(i,j)
j − λ(j,i)

j )
}
j∈Ni

)
,

with f∗i being the conjugate function of fi. �

Remark 3.2.6. It is worth noting that each qi does not depend on the entire
set of dual variables Λ, but it itself exhibits a sparse structure, i.e., it is a
function of the dual variables of the neighbors Ni only. �

Differently from the other chapters in this thesis, here we use a slightly
different notation to describe the algorithmic evolution and the agents’
states. In particular, the iteration counter t appears in the bracket and
it is not as a superscript. Moreover, the subscript will denote the compo-
nent of the variables rather than the owner. This heavy notation is due to
the partitioned structure of the variables.

3.2.2 Synchronous Partitioned Dual Decomposition (PDD)

With the dual problem in hand, a gradient algorithm on the dual problem,
[9, Chapter 6], can be applied. This results into a minimization on the
primal variables and a linear update on the dual variables. As we will show
in the analysis, this gives rise to the PDD distributed algorithm, which is
formally stated, from the perspective of node i, in the following table.

We point out that each node i ∈ {1, . . . , N} stores and updates the

primal variables x
(i)
i and x

(i)
j , j ∈ Ni, and the dual variables λ

(i,j)
i and

λ
(i,j)
j , j ∈ Ni.

56



3.2. Partitioned Dual Decomposition for Distributed Optimization

Distributed Algorithm 5 Partitioned Dual Decomposition (PDD)

Processor states: (x
(i)
i , {x

(i)
j }j∈Ni) and {λ(i,j)

i ,λ
(i,j)
j }j∈Ni

Evolution:
for: t = 1, 2, . . . do
Compute and broadcast primal variables

(
x

(i)
i (t+ 1), {x(i)

j (t+ 1)}j∈Ni
)

= argmin
(xi,{xj}j∈Ni )∈Xi

(
fi
(
xi, {xj}j∈Ni

)

+ x>i
∑

j∈Ni

(
λ

(i,j)
i (t)− λ(j,i)

i (t)
)

+
∑

j∈Ni
x>j
(
λ

(i,j)
j (t)− λ(j,i)

j (t)
))

.

(3.8)

Update and broadcast dual variables via

λ
(i,j)
i (t+ 1) = λ

(i,j)
i (t) + αi

(
x

(i)
i (t+ 1)− x

(j)
i (t+ 1)

)

λ
(i,j)
j (t+ 1) = λ

(i,j)
j (t) + αi

(
x

(i)
j (t+ 1)− x

(j)
j (t+ 1)

) (3.9)

for all j ∈ Ni.

Before studying the convergence properties of the proposed algorithm,
let us comment on its scalability. We observe that each node has to keep

in memory the set of variables x
(i)
i ,

{
x

(i)
j

}
j∈Ni ,

{
λ

(i,j)
i ,λ

(i,j)
j

}
j∈Ni , namely

a number of variables equal to 1 + 3|Ni|. Second, the step-sizes αi, i ∈
{1, . . . , N} are constant, local and can be initialized via local computations.

Remark 3.2.7. Notice that, differently from existing dual decomposition
schemes, the PDD algorithm does not enforce any symmetry in the dual

variables, i.e., in general λ
(i,j)
i (t) 6= −λ(j,i)

i (t). The symmetry, although not
necessary, can be imposed if the agents select a common step-size αi = α,
for all i ∈ {1, . . . , N}, and properly initialize their dual variables. As a
consequence, the algorithm can be simplified to have only one communication
round to perform both the local minimization and the ascent. �

The convergence properties of PDD (Distributed Algorithm 5) are es-
tablished in the following theorem.

Theorem 3.2.8. Let Assumptions 3.2.1, 3.2.2 and 3.2.3 hold true and
assume the step-sizes αi, i ∈ {1, . . . , N}, to be constant and such that
0 < αi ≤ 1

NLi
, with

Li =

√
2
∑

j∈Ni

( 1

σi
+

1

σj

)2
, ∀ i ∈ {1, . . . , N}. (3.10)
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Then, the sequence {Λ1(t), . . . ,ΛN (t)} generated by PDD (Distributed Algo-
rithm 5) converges in objective value to the optimal cost f? of problem (3.1).
Moreover, let x? = (x?>1 , . . . ,x?>N )> be the unique optimal solution of (3.1),

then each primal sequence x
(i)
i (t) generated by PDD is such that

lim
t→∞

‖x(k)
i (t)− x?i ‖ = 0,

for all i ∈ {1, . . . , N} and k ∈ Ni ∪ {i}.

Proof. We structure the proof of the first statement in three parts in which
we show that: (i) the dual gradient has a block structure and smoothness, (ii)
the distributed algorithm implements a diagonally-scaled gradient method,
and (iii) strong duality holds. First, consider the dual problem (3.7) and a
block partitioning of dual variables Λ = [Λ1, . . . ,ΛN ], with

Λi :=
(
{λ(i,j)

i }j∈Ni , {λ
(i,j)
j j ∈ Ni}

)
(3.11)

representing the local variables of node i, for all i ∈ {1, . . . , N}. Under
Assumption 3.2.1, the dual function q(Λ) is guaranteed to have block-
coordinate Lipschitz continuous gradient ∇q(Λ) with block constants Li,
i ∈ {1, . . . , N}, given in (3.10). In fact, we can explicitly compute the com-
ponents of∇q(Λ) associated to each block Λi, denoted hereafter as∇Λiq(Λ),
by using the chain rule of derivation and the conjugate function notation.
We have that

∂q(Λ)

∂λ
(i,j)
i

= (∇f∗i )i − (∇f∗j )i, j ∈ Ni

∂q(Λ)

∂λ
(i,j)
j

= (∇f∗i )j − (∇f∗j )j , j ∈ Ni,
(3.12)

where (∇f∗i )i denotes the i-th component of ∇f∗i and we omit the argument

of∇f∗i (
∑

j∈Ni(λ
(i,j)
i −λ(j,i)

i ), {(λ(i,j)
j −λ(j,i)

j )}j∈Ni) to take light the notation.

Since for all i ∈ {1, . . . , N}, each fi is a strongly convex function, then the
gradient of its conjugate function ∇f∗i is Lipschitz continuous with constant
1/σi, [37, Chapter X, Theorem 4.2.2]. By considering the Euclidean 2-norm,
in light of (3.12) and by simple algebraic manipulation, we can conclude that
also ∇Λiq(Λ) is Lipschitz continuous with constant

Li =

√∑

j∈Ni

( 1

σi
+

1

σj

)2
+
∑

j∈Ni

( 1

σi
+

1

σj

)2
,

which matches (3.10).
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Second, we show that our PDD distributed algorithm implements a
scaled gradient ascent method to solve problem (3.7). Consider a diago-
nal positive definite matrix defined as

W = diag(α1, . . . , αN ) � diag

(
1

NL1
, . . . ,

1

NLN

)
.

Formally, the scaled gradient ascent method can be written as

Λ(t+ 1) = Λ(t) + W∇q(Λ(t)), (3.13)

where t denotes the iteration counter. Since each entry of the scaling matrix
satisfies 0 < αi ≤ 1

NLi
for all i ∈ {1, . . . , N}, then the following condition

holds [86, Theorem 8]

q(Λ(t) + δ) ≥ q(Λ(t)) +∇q(Λ(t))>δ − N

2
δ>



L1 . . .

LN


 δ,

for every perturbation δ. Thus, using the same line of proof of the gradient
algorithm [9, Chapter 2], we can conclude that the sequence {Λ(t)} gener-
ated by iteration (3.13) converges in objective value to the optimal cost q?

of (3.7). Since W is diagonal, then (3.13) splits in a component-wise fashion
giving

Λi(t+ 1) = Λi(t) + Wii∇Λiq(Λ(t)), i ∈ {1, . . . , N}, (3.14)

where Wii denotes the (i, i)-th entry of W.
By using the following property of conjugate functions

∇ϕ∗(z) = argmin
x

(
ϕ(x)− z>x

)
,

we have that the primal minimization (3.8) computes ∇f∗i evaluated at the

point
(∑

j∈Ni(λ
(i,j)
i (t)− λ(j,i)

i (t)), {(λ(i,j)
j (t)− λ(j,i)

j (t))}j∈Ni
)
. Then

∂q(Λ(t))

∂λ
(i,j)
i

= x
(i)
i (t+ 1)− x

(j)
i (t+ 1), j ∈ Ni

∂q(Λ(t))

∂λ
(i,j)
j

= x
(i)
j (t+ 1)− x

(j)
j (t+ 1), j ∈ Ni,

(3.15)

so that update (3.9) is the scaled gradient ascent (3.14).
Third and final, by Assumption 3.2.3 (Slater’s condition), strong duality

between problems (3.2) and (3.7) holds. Moreover, since problems (3.2)
and (3.1) are equivalent, then they both have optimal cost q? = f?. Thus,
the sequence {Λ(t)}t≥0 generated by PDD converges in objective value to
the optimal cost f? of (3.1).
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For the second part of the statement, we first notice that in light of
Assumptions 3.2.1 and 3.2.2, problem (3.1) has a unique optimal solution
x? = (x?>1 , . . . ,x?>N )>. Further, since problem (3.2) is equivalent to prob-
lem (3.1), then x? is the unique optimal solution also for problem (3.2).
Finally, the first order optimality condition for the (unconstrained) dual
problem (3.7) is ∇q(Λ?) = 0, where Λ? is a limit point of the sequence
{Λ(t)}t≥0 (which exists by the Lipschitz continuity of ∇q(Λ)). This al-
lows us to conclude, by equation (3.15), that the limit point of the primal

sequences {x(i)
i (t), {x(i)

j }j∈Ni(t)} satisfy the primal coherence constraints.

Thus, in the limit the copies x
(i)
i , {x

(j)
i }j∈Ni of the variable xi are equal to

the (unique) optimal x?i . Iterating on i ∈ {1, . . . , N} the proof follows.

Remark 3.2.9. Alternative expressions for Li in (3.10) can be used. Larger
upper bounds on the step-sizes αi can be established by exploiting tailored
descent conditions. See, e.g., works [58, 66,86]. �

3.2.3 Asynchronous Partitioned Dual Decomposition (Asyn-
PDD)

In this subsection we present an asynchronous partitioned distributed algo-
rithm, and prove its convergence with high probability. This algorithm can
be interpreted as an extension of the PDD distributed algorithm.

As described in Section 1.1, we consider an asynchronous protocol where
each node has its own concept of time defined by a local timer, which ran-
domly and independently of the other nodes triggers when to awake itself.
Each node is in an idle mode, wherein it continuously receives messages
from neighboring nodes, until it is triggered either by the local timer or by a
message from neighboring nodes. When a trigger occurs, it switches into an
awake mode in which it updates its local variables and possibly transmits
the updated information to its neighbors. The timer is modeled by means of
a local clock τi ∈ R≥0 and a randomly generated waiting time Ti. The timer
triggers the node when τi = Ti, so that the node switches to the awake mode
and, after running the local computation, resets τi = 0 and extracts a new
realization of Ti. We make the following assumption on the local waiting
times Ti.

Assumption 3.2.10 (Exponential i.i.d. local timers). The waiting times
between consecutive triggering events are i.i.d. random variables with same
exponential distribution. �

Notice that here we are tacitly assuming that when an agent performs
its local computations it has already received the most updated information
from its neighbors, and this can be easily verified locally by each node.

Informally, the asynchronous distributed optimization algorithm is as
follows. When a node i is in idle, it continuously receives messages from
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awake neighbors. If the local timer τi triggers or new dual variables λ
(j,i)
i ,

λ
(j,i)
j are received, it wakes up. When node i wakes up, it updates and

broadcasts its primal variable y(i) =
(
x

(i)
i , {x

(i)
j }j∈Ni

)
, computed through

a local constrained minimization. Moreover, if the transition was due to
the local timer triggering, then it also updates and broadcasts its local dual

variables λ
(i,j)
i and λ

(i,j)
j , j ∈ Ni. Since there is no global iteration counter,

we highlight the difference between updated and not updated values during
the “awake” phase, by means of a “+” superscript symbol, e.g., we denote

the updated primal variable as x
(i)+
i .

We want to stress some important aspects of the idle/awake cycle. First,
these two phases are regulated by local timers and local information ex-
change, without the need of any central clock. Second, we assume that the
computation in idle takes a negligible time compared to the one performed
in the awake phase. Moreover, a constant, local step-size αi is used in the
ascent step, which can be initialized by means of local exchange of infor-
mation between neighboring nodes. Finally, we point out that each agent
uses the most updated values that are locally available to perform every
computation.

The AsynPDD distributed algorithm is formally described in the table
Distributed Algorithm 6.

As already described in Section 1.1 and Section 2.4.3, we point out that
being the algorithm asynchronous, for the analysis we need to carefully
formalize the concept of algorithm iterations. We will use a nonnegative
integer variable t indexing a change in the whole state Λ = [Λ1 . . .ΛN ] of
the distributed algorithm. Each triggering will induce an iteration t of the
distributed optimization algorithm and the value of t does not need to be
known by the agents. That is, t is not a common clock and is only introduced
for the sake of analysis.

Theorem 3.2.11. Let Assumptions 3.2.1, 3.2.2 and 3.2.3 hold true. Let
the timers τi satisfy Assumption 3.2.10 and step-sizes αi be constant and
such that 0 < αi ≤ 1/Li, with

Li =

√
2
∑

j∈Ni

( 1

σi
+

1

σj

)2
, ∀ i ∈ {1, . . . , N}. (3.17)

Then, the random sequence {Λ1(t), . . . ,ΛN (t)}t≥0 generated by the Asyn-
PDD (Distributed Algorithm 6), converges with high probability in objective
value to the optimal cost f? of problem (3.1), i.e., for any ε ∈ (0, q0), with
q0 := q(Λ(0)), and target confidence 0 < ρ < 1, there exists t̄(ε, ρ) such that
for all t ≥ t̄(ε, ρ) it holds

Pr
(∣∣q(Λ(t))− f?

∣∣ ≤ ε
)
≥ 1− ρ.
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Distributed Algorithm 6 AsynPDD

Processor states: (x
(i)
i , {x

(i)
j }j∈Ni) and {λ(i,j)

i ,λ
(i,j)
j }j∈Ni

Set τi = 0 and get a realization Ti

Evolution:
IDLE:

while: τi < Ti do:
Receive λ

(j,i)
i , λ

(j,i)
j and/or x

(j)
i , x

(j)
j from j ∈ Ni.

if: dual variables are received go to AWAKE .
go to AWAKE .

AWAKE:

Compute and broadcast

(
x

(i)+
i , {x(i)+

j }j∈Ni
)

= argmin
(xi,{xj}j∈Ni )∈Xi

fi(xi, {xj}j∈Ni)

+ x>i
∑

j∈Ni

(
λ

(i,j)
i − λ(j,i)

i

)
+
∑

j∈Ni
x>j
(
λ

(i,j)
j − λ(j,i)

j

)

if: τi = Ti then: update and broadcast

λ
(i,j)+
i = λ

(i,j)
i + αi

(
x

(i)+
i − x

(j)
i

)
, ∀ j ∈ Ni,

λ
(i,j)+
j = λ

(i,j)
j + αi

(
x

(i)+
j − x

(j)
j

)
, ∀ j ∈ Ni,

(3.16)

set τi = 0 and get a new realization Ti.

Go to IDLE .

Proof. Our proof strategy is based on showing that the iterations of the
asynchronous distributed algorithm can be written as the iterations of an ad-
hoc version of the coordinate method [85], applied to the dual problem (3.7).

Let the optimization variable Λ be partitioned in N blocks [Λ1, . . . ,ΛN ]
as in (3.11), then a coordinate approach consists in an iterative scheme in
which only a block-per-iteration, say Λit at time t, of the entire optimization
variable Λ is updated at time t, while all the other components Λj with
j ∈ {1, . . . , N} \ {it} stay unchanged. Formally, a coordinate iteration can
be summarized as

Λit(t+ 1) = Λit(t) +∇Λit
q(Λ(t))

Λj(t+ 1) = Λj(t), j 6= it.
(3.18)

In the following, we show that the AsynPDD distributed algorithm im-
plements (3.18) with a uniform random selection of the blocks. Since the
timers τi trigger independently according to the same exponential distribu-
tion, then from an external perspective the induced awakening process of
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the nodes corresponds to the following: only one node per iteration, say it,
wakes up randomly, uniformly and independently from previous iterations.
(See Section 1.1 and Section 2.4.3 for details). Thus, each triggering, which
induces an iteration of the distributed optimization algorithm and is indexed
with t, corresponds to the (uniform) selection of a node in {1, . . . , N} that
becomes awake.

Next we show by induction that if each node i has an updated version
of the neighboring variables before it gets awake, then the same holds after
the update. When node i wakes up, it uses for its update its own primal

variables x
(i)
i and x

(i)
j , j ∈ Ni, which are clearly updated since i is the one

modifying them. Moreover, node i uses also x
(j)
i and x

(j)
j , j ∈ Ni, which

are received by neighboring nodes j ∈ Ni. These variables are updated by
j if itself or one of its neighbors becomes awake. In both cases node j sends
the updated variable to its neighbors (which include node i). An analogous
argument holds for the dual variables.

Thanks to the argument just shown and by noting that λ
(it,j)
it

and λ
(it,j)
j ,

j ∈ Nit are the components of Λit , we have that step (3.16) corresponds to
step (3.18) with it randomly uniformly distributed over {1, . . . , N}. Fi-
nally, recalling that (i) the cost function q(Λ) of problem (3.7) has block-
coordinate Lipschitz continuous gradient with respect to the blocks Λi (see
proof of Theorem 3.2.8) and (ii) the step-sizes αi are constant and such that
0 < αi ≤ 1/Li with Li in (3.17), we can invoke [85, Theorem 5] to con-
clude that the coordinate method (3.18) (and equivalently the AsynPDD
distributed algorithm) converges with high probability to the optimal cost
q? of problem (3.7). Recalling that strong duality between problems (3.1)
and (3.7) holds (see proof of Theorem 3.2.8), then q? = f?, and the proof
follows.

Remark 3.2.12. As highlighted in Theorem 3.2.11 in order to set the local
step-sizes αi, each node i should know the convexity parameter σj of its
neighbors but, differently from the synchronous case does not need to know
the total number of agents N in the network. (Cf. condition (3.10)). �

3.3 Randomized Primal Approach

In this section we propose an alternative approach to solve a partitioned big-
data optimization problem. We consider a distributed optimization scenario
in which the aggregate objective function to minimize is partitioned, big-
data and (possibly) nonconvex. The proposed method will work on the
primal formulation of the problem, thus allowing us to handle nonconvexity.

We consider partitioned optimization problems described in Section 1.2.2
having a more specific structure. Each local objective fi has a sparsity con-
sistent with the interaction graph, namely, for i ∈ {1, . . . , N}, the function
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(possibly nonconvex) fi depends only on the component of node i and of its
neighbors. Also, each function gi depends only on the component xi.

In light of the described structure, the problem we aim at solving in a
distributed way can be written as

min
x∈Rd

N∑

i=1

fi(xi, {xj}j∈Ni) + gi(xi), (3.19)

where each node i knows only the functions fi : R
∑
j∈Ni∪{i} nj → R and

gi : Rni → R ∪ {+∞}.
Note that, in this partitioned scenario, network structure and objective

function are inherently related. That is, nodes that share a variable are
neighbors in the communication graph. In the following assumptions we
state the main properties of problem (3.19).

Assumption 3.3.1. For all i ∈ {1, . . . , N}, fi is a smooth function of
(xi, {xj}j∈Ni). In particular, fi has block-coordinate Lipschitz continuous
gradient, i.e., for all j ∈ Ni there exists constants Lij > 0 such that for all

(xi, {xj}j∈Ni) ∈ R
∑
`∈Ni n` and sj ∈ Rnj it holds

∥∥∥∇xjfi

((
xi, {xj}j∈Ni

)
+ Uijsj

)
−∇xjfi

(
xi, {xj}j∈Ni

)∥∥∥ ≤ Lij‖sj‖.

where Uij is a suitable matrix such that Uijsj is a vector in R
∑
`∈Ni n` with

j-th block-component equal to sj and all the other ones equal to zero. �

In light of Assumption 3.3.1, it is easy to show that the following lemma
holds.

Lemma 3.3.2. Let Assumption 3.3.1 hold, then the aggregate function
f(x) :=

∑N
i=1 fi(xi, {xj}j∈Ni) has block-coordinate Lipschitz continuous gra-

dient. In particular, for all i ∈ {1, . . . , N}, the partial gradient ∇xif has
Lipschitz constant given by Li :=

∑
j∈Ni Lij.

Proof. The proof follows straight by simply writing the norm of the aggre-
gate cost f and then bounding each term of its gradient by using its block
Lipschitz constant.

Remark 3.3.3. Note that one can assume directly that ∇xif is Lipschitz
continuous, but while the condition we impose can be checked in a distributed
way, the weaker one needs a global knowledge of the cost f . �

Assumption 3.3.4. For all i ∈ {1, . . . , N}, the function gi is a proper,
closed, proper, convex function. �

We stress that we have not assumed any convexity condition on fi, thus
optimization problem (3.19) is nonconvex in general. Finally, we state the
following assumption which is quite standard for nonconvex scenarios.
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Assumption 3.3.5. The cost V (x) :=
∑N

i=1 fi(xi, {xj}j∈Ni) + gi(xi) of
problem (3.19) is a coercive function. �

Assumption 3.3.5 guarantees that at least a local minimum for prob-
lem (3.19) exists.

3.3.1 Partitioned Coordinate Descent (PCD)

In this subsection we present our asynchronous distributed algorithm for
solving problem (3.19). In order to develop the algorithm,we will adopt
the asynchronous communication protocol that has been introduced in Sec-
tion 1.1. Moreover, each node build a local model of the cost to perform
its local (descent) update. It is based on a local quadratic, strongly-convex
approximation of the cost function that each node computes.

Formally, each node i ∈ {1, . . . , N} constructs the following local ap-
proximation of the entire cost function at a fixed x̄ ∈ Rd (neglecting the
constant term f(x̄) which does not affect the optimization),

qi(si; x̄) := ∇xif(x̄)>si +
1

2
‖si‖2Qi(x̄) + gi(x̄i + si)

=
∑

j∈Ni
∇xifj(x̄j , {x̄h}h∈Nj )>si +

1

2
‖si‖2Qi(x̄) + gi(x̄i + si)

(3.20)

with Qi(x̄) ∈ Rni×ni a symmetric, positive definite matrix satisfying the
following assumption.

Assumption 3.3.6. For any x ∈ Rd and i ∈ {1, . . . , N} it holds that
Qi(x) � LiI. �

Intuitively Assumption 3.3.6 guarantees the strong convexity of qi. The
role of the Lipschitz constant Li in the bound will be clear in the analysis
of the algorithm given in Section 3.3.2.

Informally, the asynchronous distributed optimization algorithms is as
follows. Each node i takes care of modifying the variable xi. We denote x̄i
the current state of node i, which is the estimated optimal value of xi.

When a node i wakes up, it updates its state x̄i by moving in the di-
rection obtained from the minimization of its local approximation qi(si; x̄),
being x̄ the current value of the decision variable. Then, it sends to each
neighbor j ∈ Ni the updated x̄i and ∇xjfi(x̄i, {x̄j}j∈Ni). When in idle,
node i is in a listening mode. If an updated ∇xifj(x̄j , {x̄h}h∈Nj ) is received
from a neighbor j no computation is needed. If x̄j is also received (j was
an awake node) the following happens. Node i updates the partial gradients
of its local function fi according to the new x̄j , and sends back the up-
dated partial gradients to its neighbors. In order to highlight the difference
between updated and old variables at node i during the awake phase, we
denote the updated ones with a “+” symbol, e.g., as x̄+

i .

65



Chapter 3. Partitioned Optimization Problems

We want to stress two important aspects of the idle/awake cycle. First,
these two phases are regulated by local timers without the need of any central
clock. Second, when in idle a node only receives messages and from time to
time evaluates a partial gradient, which takes a negligible time compared to
the computation performed in the awake phase.

The distributed algorithm is formally reported in Distributed Algorithm 7
from the perspective of node i.

Distributed Algorithm 7 PCD

Processor state: x̄i

Initialization: set τi = 0 and get a realization Ti

Evolution:
IDLE:

while: τi ≤ Ti do:

receive x̄j and/or ∇xifj(x̄j , {x̄h}h∈Nj ) from j ∈ Ni
evaluate ∇xjfi(x̄i, {x̄j}j∈Ni) and send it to j ∈ Ni

go to AWAKE .

AWAKE:

compute di = argmin
si

qi(si; x̄) (3.21)

update x̄+
i = x̄i + di (3.22)

broadcast x̄+
i , ∇xjfi(x̄

+
i , {x̄j}j∈Ni) to j ∈ Ni

set τi = 0, get a new realization Ti and go to IDLE .

We point out some aspects involving the local approximation (3.20) that
each node uses in its local computations.

First, it is worth noting qi(si; x̄) does not depend on the entire state x̄,
but only on x̄j , {x̄h}h∈Nj , j ∈ Ni and therefore is constructed by node i
by using only information from its neighbors. Moreover, node i does not
needed the expression of neighboring cost functions fj to build qi(si; x̄), but
only the gradients ∇xifj . In some special cases (discussed in the following
paragraph), Qi(x) could include second order information of fj , j ∈ Ni, i.e.,
∇2

xi,xifj , that should be sent together with the gradients.

Second, different choices for the weight matrix Qi(x) are allowed. By
exploiting the block Lipschitz continuity of the gradient of f , a first simple
choice is to set Qi(x) := LiI for all i ∈ {1, . . . , N} and x ∈ Rd. Motivated
by existing works in the literature, e.g., [33], non diagonal choices for Qi(x)
are reasonable: for instance, assuming f ∈ C2, one can select a second order
approximation, i.e., set Qi(x) := ∇2

xi,xif(x) + εiI for a sufficiently large
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εi > 0 for all i ∈ {1, . . . , N}. As mentioned above this information can be
constructed in a distributed manner.

Third and final, recalling the definition of the proximal operator proxα,ϕ :

Rd → Rd of a closed, proper, convex function ϕ : Rd → R ∪ {+∞} given
by proxα,ϕ(v) := argminx

(
ϕ(x) + 1

2α‖x − v‖2
)

with α > 0, we have that
for Qi(x) = LiI the update law described in (3.21)-(3.22), can be rephrased
in term of proximal operators and, thus, leading to a distributed coordi-
nate proximal gradient method. On this regard it is worth noting that our
algorithm, with a general expression for Qi, can be written in terms of a
generalized, weighted version of the proximal operator as follows. Given a
positive definite matrix W ∈ Rd×d, we define

proxW,ϕ(v) := argmin
x

{
ϕ(x) +

1

2

∥∥x− v
∥∥2

W−1

}
, (3.23)

thus, the iteration (3.21)-(3.22) can be recast as

x̄+
i = proxQi(x̄)−1,gi

(
x̄i −Qi(x̄)−1

∑

j∈Ni
∇xifj(x̄j , {x̄h}h∈Nj )

)
.

3.3.2 Convergence Analysis of PCD

In this subsection we prove the convergence in probability of PCD dis-
tributed optimization algorithm.

As for the algorithms in Section 2.3 and Section 3.2, being the algorithm
asynchronous, it is worth pointing out that, for the analysis we need to care-
fully formalize the concept of algorithm iterations. We will use a nonnegative
integer variable t indexing a change in the whole state x̄ = [x̄>1 . . . x̄

>
N ]> of

the distributed algorithm. In particular, each triggering will induce an iter-
ation of the distributed optimization algorithm and will be indexed with t.
We want to stress that this (integer) variable t does not need to be known by
the agents. That is, this timer is not a common clock and is only introduced
for the sake of analysis.

Theorem 3.3.7. Let Assumptions 3.3.1, 3.3.4, 3.3.5 and 3.3.6 hold true.
Then, the Partitioned Coordinate Descent distributed algorithm generates a
sequence x(t) := [x̄1(t)>, . . . , x̄N (t)>]> (obtained stacking the nodes’ states)
such that the random variable V (x(t)) converges almost surely, i.e., there
exists a random variable V ? such that

Pr
(
V (x(t)) = V ?

)
= 1.

Moreover, any limit point x? of [x̄1(t)>, . . . , x̄N (t)>]> is a stationary
point of problem (3.19) and, thus, satisfies its first order optimality condi-
tion, i.e., there exists a subgradient ∇̃g(x?) of g at x? such that ∇f(x?) +
∇̃g(x?) = 0. �
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Coordinate descent method for composite nonconvex minimiza-
tion

We consider a more general composite optimization problem and prove a
result that is instrumental to the convergence proof of our distributed algo-
rithm. We introduce a generalization of the algorithm proposed in [67,83,85]
based on the quadratic approximation introduced in (3.20). We present the
algorithm for problem (3.19), but we want to stress that the algorithm can
be applied to a general function f : Rd → R with block-Lipschitz continuous
gradient. This will be clear from the analysis.

We consider a coordinate descent method based on selecting a random
block-component, say xi, of x at each iteration and updating only xi through
a suitable descent rule. The descent step is based on the quadratic approxi-
mation of the cost function given in (3.20). The coordinate descent method
is formally summarized in the table Algorithm 8.

Algorithm 8 Generalized Coordinate Descent Algorithm

Choose a random block it ∈ {1, . . . , N} with probability pit
Compute a descent direction dit solving

dit = argmin
si

qit(si; x(t)) (3.24)

Update the decision variable according to

xit(t+ 1) = xit(t) + dit

xj(t+ 1) = xj(t), for all j 6= it
(3.25)

In the following we present results for the theoretical convergence of the
generalized coordinate descent algorithm.

Lemma 3.3.8. Let Assumption 3.3.1, 3.3.4, 3.3.6 hold. Let x(t) be the
random sequence generated by Generalized Coordinate Descent Algorithm,
then for all t ≥ 0 it holds

V (x(t+ 1)) ≤ V (x(t))− Lit
2
‖dit‖2.

Proof. From Assumption 3.3.1 (Lipschitz continuity of∇f), we can write the
well-known descent lemma (see [9, Proposition A.24]), for all i ∈ {1, . . . , N}
and for all x̄ ∈ Rd

V (x̄ + Uisi) ≤ f(x̄) +∇xif(x̄)>si +
Li
2
‖si‖2 + gi(x̄i + si) +

∑

j 6=i
gj(x̄j),

where Ui is obtained by a block decomposition of the d× d identity matrix,
i.e., I = [U1 . . .UN ], where for all i ∈ {1, . . . , N} each Ui ∈ Rd×ni
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Since Qi satisfies Assumption 3.3.6, then we can generalize the above de-
scent condition by introducing a uniform bound depending on the Lipschitz
constant of block i, i.e.,

V (x̄ + Uisi) ≤ f(x̄) +∇xif(x̄)>si +
1

2
‖si‖2Qi(x̄) + gi(x̄i + si) +

∑

j 6=i
gj(x̄j)

Due the partitioned structure of f , the explicit expression of ∇xif(x)
actually depends only on fj , j ∈ Ni, thus the latter condition can be further
rephrased as

V (x̄ + Uisi) ≤ qi(si; x̄) + f(x̄) +
∑

j 6=i
gj(x̄j). (3.26)

with qi(si; x̄) defined as in (3.20).
Consider a descent direction dit computed as in (3.24), then dit satisfies

the first order necessary condition of optimality for problem (3.24)

∇xit
f(x(t)) + Qit(x(t)) dit + ∇̃git(xit(t) + dit) = 0, (3.27)

where ∇̃git ∈ Rnit denotes a subgradient of git .
Starting form equation (3.26) with the following identification x̄ = x(t)

and x̄ + Uitdit = x(t+ 1), and adding and subtracting the term git(xit(t))
we obtain

V (x(t+ 1)) ≤ V (x(t)) +∇xit
f(x(t))>dit +

1

2
‖dit‖2Qit (x(t))

+ git(xit(t) + dit)− git(xit(t))
≤ V (x(t)) +∇xit

f(x(t))>di

+
1

2
‖dit‖2Qit (x(t)) + ∇̃git(xit(t) + dit)

>dit

≤ V (x(t))− 1

2
‖dit‖2Qit (x(t))

≤ V (x(t))− Li
2
‖dit‖2

where we used the convexity of git , the optimality condition (3.27) and the
uniform bound in Assumption 3.3.6.

Theorem 3.3.9. Let Assumptions 3.3.1, 3.3.4, 3.3.5 and 3.3.6 hold true.
Then, the Generalized Coordinate Descent Algorithm generates a sequence
{x(t)}t≥0 such that the random variable V (x(t)) converges almost surely.
Moreover, any limit point x? of x(t) is a stationary point of V and, thus,
satisfies the first order necessary condition for optimality for problem (3.19),
i.e., there exists a subgradient ∇̃g(x?) of g at x? such that

∇f(x?) + ∇̃g(x?) = 0
Proof. The result is proven by following the same line as in [83, Theorem 1]
where the generalized Lemma 3.3.8 is used in place of [83, Lemma 3].
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Proof of Theorem 3.3.7

Our proof strategy is based on showing that the iterations of the asyn-
chronous distributed algorithm can be written as the iterations of an ad-hoc
version of the coordinate descent method for composite nonconvex functions
given in the previous section and summarized in Algorithm 8.

Timer model and uniform node extraction. The timers trigger inde-
pendently according to the same exponential distribution and induce an
awakening process of the nodes corresponds in which only one agent per
iteration wakes up randomly, uniformly and independently from previous
iterations. (See Section 1.1 and Section 2.4.3 for details). Thus, each trig-
gering event induces an iteration t of the distributed optimization algorithm
and corresponds to the (uniform) selection of a node in {1, . . . , N} that be-
comes awake. We denote it the extracted node. Notice that node it changes
the value of its state x̄it while all the other states are not changed by the
algorithm.

State consistency (inductive argument). Next we show by induction that
if all the nodes have a consistent and updated information before a node i
gets awake, then the same holds after the update. By consistent we mean
that for a variable x`, all the nodes in N` have the same state x̄`. By
updated we mean that each node ` has an updated value of the gradients
∇x`fj , j ∈ N`. First, node i changes only its state x̄i relative to the variable
xi. This variable is shared only with neighbors j ∈ Ni, which receive the
new state x̄i after the update. As regards the gradients, the ones affected
by the change of the variable xi are ∇xifj , with j ∈ Ni. Notice that these
gradients are only used by nodes h ∈ Nj . But after the broadcast performed
by i, each idle j ∈ Ni receives the updated x̄i, updates the gradients, and
sends them to its neighbors h ∈ Nj . The variables and gradients for the rest
of the nodes in the network are not changed by the update of node i.

Coordinate descent equivalence and convergence. Finally, we simply no-
tice that, thanks to the consistency argument just shown, steps (3.21)-(3.22)
correspond to steps (3.24)-(3.25). Thus, we have shown that the Distributed
Algorithm 7 implements the centralized coordinate method Algorithm 8 and
therefore inherits its convergence properties. By invoking Theorem 3.3.9, the
proof follows.

3.4 Numerical Analysis

In this section we test the algorithms proposed in this section to numerical
examples in order to corroborate the theoretical discussion.
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3.4.1 Dual Method Numerical Analysis

We test the proposed distributed algorithms described in Section 3.2.1 on
a quadratic program enjoying the partitioned structure described in the
previous sections. Specifically, we consider a network of N = 100 agents
communicating according to an undirected connected Erdős-Rényi random
graph G with parameter p = 0.2. Thus, letting

(
xi,
{
xj
}
j∈Ni

)
denote a

column vector, we consider the following partitioned optimization problem

min
x

N∑

i=1

(
xi,
{
xj
}
j∈Ni

)>
Hi

(
xi,
{
xj
}
j∈Ni

)
+ r>i

(
xi,
{
xj
}
j∈Ni

)

subj. to Ai

(
xi,
{
xj
}
j∈Ni

)
� bi, i ∈ {1, . . . , N},

(3.28)

where each xi ∈ Rni and mi is uniformly drawn from {1, 2, 3, 4}. This
optimization problem has the same partitioned structure discussed in Sec-
tion 3.2.1. In particular, we have quadratic cost functions fi(xi, {xj}j∈Ni)
and linear constraints Xi = {(xi,

{
xj
}
j∈Ni) | Ai(xi,

{
xj
}
j∈Ni) � bi}. The

matrices Hi are positive definite with eigenvalues uniformly generated in
[1, 20], while the vectors ri have entries randomly generated in [0, 100]. More-
over, each pair Ai, bi describes a linear constraint having a number of rows
uniformly drawn from {1, 2}. Each Ai has entries normally distributed with
zero mean and unitary variance, while bi are suitably generated to always
obtain feasible linear constraints. For all i ∈ {1, . . . , N}, we use constant
step-sizes αi = 1/Li with Li computed as in (3.10) for the synchronous al-
gorithm and as in (3.17) for the asynchronous case. All the dual variables
are initialized to zero.

In Figure 3.2 we show the convergence rate of the synchronous dis-
tributed algorithm by plotting the difference between the dual cost q(Λ(t))
at each iteration t and the optimal value q? = f? of problem (3.28).

0 1 2 3 4 5 ·104

10−1

101

103

t

|q?
−
q(
Λ
(t
))
|

Figure 3.2: Evolution of the cost error for the synchronous distributed
algorithm.
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In Figure 3.3 we show the evolution of the difference between the gener-

ated primal sequence {x(1)
1 (t), . . . ,x

(N)
N (t)} and the (unique) optimal primal

solution x?.

0 1 2 3 4 5 ·104
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10−2

100

t

||x
(i
)

i
(t
)
−

x
? i
||,
i
∈
{1
,.
..
,N
}

Figure 3.3: Evolution of the error on primal variables x
(i)
i , i ∈ {1, . . . , N},

for the synchronous distributed algorithm.

In Figure 3.4 we show the disagreement on the primal variable x2 be-
tween neighboring nodes N2 ∪ {2}. In particular, we plot the norm of

x
(2)
2 (t)− x

(j)
2 (t), for all j ∈ N2 ∪ {2}.
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2
∪
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Figure 3.4: Evolution of the disagreement on x2 between agents 2 and its
neighbors j ∈ N2 for the synchronous distributed algorithm.

Finally, in Figure 3.5 we show the convergence rate for the AsynPDD
distributed algorithm. Since we are dealing with an asynchronous algorithm,
we normalize the iteration counter t with respect to the total number of
agents N . It is worth noting the cost evolution is not monotone as expected
for the class of randomized algorithms.
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Figure 3.5: Evolution of the cost error for the asynchronous distributed
algorithm.

3.4.2 Primal Method Numerical Analysis

We present a numerical example showing the effectiveness of the proposed
primal algorithm presented in Section 3.3.

We consider an undirected connected Erdős-Rényi random graph G, with
parameter 0.2, connecting N = 50 nodes and we test the distributed algo-
rithm on a partitioned nonconvex constrained quadratic program in the form

min
x1,...,xN

N∑

i=1

(
xi,
{
xj
}
j∈Ni

)>
Hi

(
xi,
{
xj
}
j∈Ni

)
+ r>i

(
xi,
{
xj
}
j∈Ni

)
+ IXi(xi),

(3.29)

where each xi ∈ R for all i ∈ {1, . . . , N} and each cost matrix Hi ∈
R(|Ni|+1)×(|Ni|+1) is only symmetric (not positive definite). We construct Hi

as the difference between a positive definite matrix H̃i ∈ R(|Ni|+1)×(|Ni|+1)

and a suitable scaled version of the identity matrix. Finally, each function
IXi denotes the indicator function of the segment Xi = [−`i, ui], i.e., we
constrain each xi to lie into an interval. We set `i = −30 and ui = 20 for
all i ∈ {1, . . . , N}.

Problem (3.29) fits our set-up described in Section 3.3 by defining

fi
(
xi,
{
xj
}
j∈Ni

)
:=
(
xi,
{
xj
}
j∈Ni

)>
Hi

(
xi,
{
xj
}
j∈Ni

)
+ r>i

(
xi,
{
xj
}
j∈Ni

)

and

gi(xi) := IXi(xi) =

{
xi if `i ≤ xi ≤ ui
+∞ otherwise.

Moreover, we use the local approximation qi(si, x̄) as in (3.20) with Qi = 1
αi

I
with αi = 0.01 for all i ∈ {1, . . . , N}.
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In Figure 3.6 we plot the evolution of two selected components of the
decision variable x at each iteration t (defined as discussed in Section 3.3.2),
i.e., xti, i = 14, 48. The horizontal dotted lines represent the centralized
solution. Since the algorithm is asynchronous and based on a coordinate
approach, we plot the rate of convergence with respect to the normalized
iterations t/N in order to show the effective behavior with respect to the
global time.
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Figure 3.6: Evolution of two decision variables xi, i = 14, 48, for the
distributed algorithm.

In Figure 3.7 we show the difference, in logarithmic scale, between the
cost V (xt) at each iteration t and the value of V attained at the limit point
x? of xt (proven to be a stationary point).
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Figure 3.7: Evolution of the cost error, in logarithmic scale, for the Parti-
tioned Coordinate Descent distributed algorithm.
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Chapter 4

Distributed Big-Data Optimization
via Block-Iterative Gradient
Tracking and Averaging

In this chapter we study distributed big-data optimization over networks.
We consider the (constrained) minimization of the sum of smooth (possibly
nonconvex) functions, i.e., the sum of agent utilities, plus a convex (possibly)
nonsmooth regularizer. We propose a novel distributed solution method
where at each iteration agents perform local computations only on a small
number of blocks of the entire decision variable. Asymptotic convergence to
stationary solutions of the nonconvex problem is established and numerical
results show the effectiveness of the proposed algorithm. The results of this
chapter are based on [76,77].

4.1 Literature Review

We organize the relevant literature of this chapter in two parts, namely:
(i) centralized and parallel methods for big-data optimization (a.k.a. large-
or huge-scale optimization), and (ii) primal distributed algorithms for opti-
mization in peer-to-peer, multi-agent networks.

A coordinate-descent method for huge-scale optimization has been in-
troduced in [66] and extended in order to deal with (convex) composite ob-
jective functions in a parallel framework in [58,85,86]. A parallel algorithm
based on local Successive Convex Approximations (SCA) has been proposed
in [33] to cope with nonconvex optimization problems. An asynchronous ex-
tension with its complexity analysis has been proposed in [21]. Paper [55]
proposes a parallel stochastic-gradient algorithm where each processor ran-
domly chooses a component of the separable cost function and updates only
a random block of the decision variable. Finally, an asynchronous parallel
mini-batch algorithm for stochastic optimization has been proposed in [35].
We point out that the above mentioned parallel approaches are not suited
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for a distributed implementation.

In the last years the distributed computation paradigm has been widely
investigated to solve optimization problems. We refer only to primal ap-
proaches, which are more closely related to the one we propose in this chap-
ter. In [57] a coordinate descent approach for the solution of linearly con-
strained problems over undirected networks has been proposed. In [60] a
broadcast-based algorithm over time-varying digraphs, termed subgradient-
push, has been proposed, and extended to distributed online optimization
in [2]. In [52] a distributed algorithm for convex optimization over time-
varying networks, in the presence of constraints and uncertainty, using a
proximal minimization approach, has been proposed. A distributed algo-
rithm, termed NEXT, combining SCA techniques with a novel gradient
tracking mechanism, instrumental to locally estimate the average of the
agents’ gradients, has been proposed in [29, 50] to solve nonconvex con-
strained optimization problems over time-varying networks. Even though
NEXT can be applied to directed graphs, its implementability relies on the
possibility of building a sequence of doubly-stochastic consensus matrices
that are commensurate with the sequence of underlying time-varying com-
munication digraphs. This assumption has been removed in [93] and [92], re-
sulting in a more flexible algorithm. The gradient tracking scheme has been
used also in [62, 84, 100, 102] where (strongly) convex unconstrained prob-
lems are consider under several communication topologies. In these works
also the convergence rate of each distributed algorithm is proven for several
constant step-size choices. A Newton-Raphson consensus strategy has been
introduced in [105] to solve unconstrained, convex optimization problems un-
der asynchronous, symmetric gossip communications. The same technique
has been extended for designing an algorithm for directed, asynchronous
and lossy communications networks in [23]. A distributed, asynchronous
algorithm for constrained optimization based on random projections is pro-
posed in [48]. We point out that none of the references above is able to solve
big-data optimization problems in a distributed scenario.

4.2 Big-Data Problem Set-up and Assumptions

In this section we recall the big-data cost-coupled optimization problem
introduced in Section 1.2.3. Let the decision vector x ∈ RdB be partitioned
in B blocks as

x ,




x1
...

xB


 ,
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then, we consider a multiagent system of N nodes that want to solve the
following (possibly) nonconvex optimization problem

min
x

U(x) ,
N∑

i=1

fi(x) +
B∑

`=1

r`(x`)

subj. to x` ∈ K`, ` ∈ {1, . . . , B},
(4.1)

with each block x` ∈ Rd, ` ∈ {1, . . . , B}; fi : RdB → R is the cost function
of agent i, assumed to be smooth but (possibly) nonconvex; r` : Rd → R,
` ∈ {1, . . . , B}, is a convex (possibly nonsmooth) function; and K`, ` ∈
{1, . . . , B}, is a closed convex set. In the following, we will denote by K ,
K1 × · · · × KB the feasible set of (4.1). We study problem (4.1) under the
following assumptions.

Assumption 4.2.1 (On the Optimization Problem).

1. Each K` 6= ∅ is closed and convex;

2. Each fi : RdB → R is C1 on (an open set containing) K;

3. Each ∇fi is Li-Lipschitz continuous and bounded on K;

4. Each r` : Rd → R is convex (possibly nonsmooth) on K, with bounded
subgradients over K;

5. U is coercive on K, i.e., limx∈K,‖x‖→∞ U(x) =∞. �

The above assumptions are quite standard and satisfied by many prac-
tical problems; see, e.g. [33]. Here, we only remark that we do not assume
any convexity of fi. In the following, we also make the blanket assumption
that each agent i knows only its own cost function fi, the regularizers r` and
the feasible set K, but not the other agents’ utility functions.

On the communication network: The communication network of the agents
is modeled as a fixed, directed graph G = ({1, . . . , N}, E). We denote
by Ni the set of in-neighbors of node i in the fixed graph G, i.e., Ni ,
{j ∈ {1, . . . , N} | (j, i) ∈ E}. We assume that E contains self-loops and, thus,
Ni contains {i} itself. We use the following assumption.

Assumption 4.2.2. The graph G is strongly connected. �

We want to solve problem (4.1) in a distributed fashion, leveraging local
communications among neighboring agents. As a major departure from
current literature on distributed optimization, here we focus on big-data
instances of problem (4.1) wherein the vector of variables x is composed of a
huge number of components (B � 1 is very large and possibly depending on
N). In such problems, minimizing the sum-utility with respect to the whole

77



Chapter 4. Distributed Big-Data Optimization

x, or even computing the gradient or evaluating the value of a single function
fi, can require substantial computational efforts. Moreover, exchanging an
estimate of the entire local decision variable x over the network (like current
distributed schemes do) is not efficient or even feasible, due to the excessive
communication overhead.

4.3 Overview of Distributed Gradient Tracking Al-
gorithms

In this section we recall existing distributed schemes that do not deal with
big-data optimization but already employ the surrogate approach and a
gradient tracking machinery. In order to introduce the main ideas, we will
describe a distributed algorithm, called in-Network succEssive conveX ap-
proximaTion (NEXT), proposed in [29]. Other similar schemes have been
proposed in the literature that work under different assumptions, such as
convex costs or time-varying networks, see, e.g., [61, 84].

Consider a (low-dimensional) optimization problem in the form

min
x

N∑

i=1

fi(x) + r(x)

subj. to x ∈ K,
(4.2)

where, differently from (4.1), the regularizer and the constraint do not have
any specific dependence on the blocks of x. The algorithm is based on an
iterative two-step procedure where all the agents first update their local esti-
mate x(i) of the optimization variable x by solving a suitable convexification
of (4.2), and then communicate with their neighbors to asymptotically force
an agreement among the local variables while converging to a stationary
solution of (4.2). Specifically, first, each agent i locally minimizes a strongly
convex approximation of the original nonconvex function (subject to the
same constraints as in (4.2)) having the following form: the local nonconvex
cost function fi is replaced by a suitable strongly convex surrogate function
f̃i (see [33]), while the sum of the unknown functions of the other agents∑

j 6=i fj is approximated by a linear term whose coefficients track the gra-

dient of
∑

j 6=i fj . Formally, given the current iterate xt(i), the optimization
step reads:

x̃t(i) = argmin
x∈K

f̃i(x; xt(i)) + (x− xt(i))
>π̃t(i) + r(x)

∆xt(i) = x̃t(i) − xt(i)

where π̃t(i) is a local estimate of
∑

j 6=i∇fj(xt(i)) (that needs to be properly

updated).
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Algorithm

The second step of NEXT consists in communicating with the neighbors
in order to update the local decision variables as well as the gradient esti-
mates π̃t(i). Formally, we have the following two consensus-based updates:

xt+1
(i) =

N∑
j=1

atij

(
xt(j) + γt∆xt(j)

)

yt+1
(i) =

N∑
j=1

atijy
t
(j) +∇fi(xt+1

(i) )−∇fi(xt(i))

π̃t+1
(i) = N · yt(i)−∇fi(xt+1

(i) ),

where γt is a (diminishing) step-size, yt(i) is an auxiliary local variable (ex-

changed among neighbors) instrumental to update π̃t(i); and At , [atij ]
N
i,j=1

is a doubly stochastic matrix that matches the (possibly time-varying) com-
munication graph. Specifically, atij ∈ [θ, 1], for some θ ∈ (0, 1), if j sends
information to i at time t, and atij = 0 otherwise.

Note that NEXT requires the weight matrices At to be doubly-stochastic,
which limits the applicability of the algorithm to directed graphs that admit
a doubly-stochastic matrix. This limitation has been overcome by the algo-
rithm distributed Successive cONvex Approximation algorithm over Time-
varying digrAphs (SONATA), proposed in [92, 93], where the plain consen-
sus scheme has been replaced by a push-sum consensus [16], which recovers
dynamic average consensus of the local decision variable xt(i) and gradient

estimates yt(i) by using column stochastic weight matrices. Introducing an

auxiliary local variable φt(i) at each agent’s side, the consensus protocol pro-
posed in SONATA reads

φt+1
(i) =

N∑
j=1

atijφ
t
(j)

xt+1
(i) =

N∑
j=1

atijφ
t
(j)

φt+1
(i)

(
xt(j) + γ∆xt(j)

)

yt+1
(i) =

1

φt+1
(i)

( N∑
j=1

atijφ
t
(j)y

t
(j) +∇fi(xt+1

(i) )−∇fi(xt(i))
)

π̃t+1
(i) = N · yt(i) −∇fi(xt+1

(i) ),

where φ0
(i) = 1 for all i ∈ {1, . . . , N} and At , [atij ]

N
i,j=1 is column stochastic.

4.4 Block-Iterative Gradient Tracking and Aver-
aging Distributed Algorithm

In this section we introduce the new distributed big-data optimization algo-
rithm. Differently from existing distributed methods, a distinctive feature of
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this algorithm is that it performs block-wise updates and communications.
A building block of the proposed scheme is a novel block-wise consensus pro-
tocol of independent interest, which is introduced in Section 4.4.1. Then,
we will be ready to describe our new algorithm in Section 4.4.2.

4.4.1 Block-Wise Push-Sum Running Consensus

We propose a push-sum scheme that acts at the level of each block ` ∈
{1, . . . , B}. Specifically, consider a system of N agents, whose communica-
tion network is modeled as a digraph G satisfying Assumption 4.2.2, aiming
at reaching consensus on a common (possibly) time-varying signal.

While at each iteration t agents can update their entire vector xt(i,:), they

can however send to their neighbors only one block ; let us denote by xt
(i,`ti)

the block `ti that, at time t, agent i selects (according to a suitably chosen
rule) and sends to its neighbors, with `ti ∈ {1, . . . , B} for all t ≥ 0. Thus, at
each iteration, agent i runs a perturbed push-sum protocol on the `-th block
by using only the information received from in-neighbors that sent block `
at time t (if any). A natural way to model this protocol is to introduce a
block-dependent neighbor set, defined as

N t
i,` , {j ∈ Ni | `tj = `} ∪ {i} ⊆ Ni,

which includes, besides agent i, only the in-neighbors of agent i in G that
sent block ` at time t. Consistently, we denote by Gt` , ({1, . . . , N}, E t`) the
time-varying subgraph of G associated to block ` at iteration t, with edge
set given by

E t` , {(j, i) ∈ E | j ∈ N t
i,`, i ∈ {1, . . . , N}}.

Following the idea of consensus protocols over time-varying digraphs, we
introduce a weight matrix At

` , [atij`]
N
i,j=1 matching Gt`, such that atij` > 0

if (j, i) ∈ E t` and atij` = 0 otherwise. Using At
`, we write the perturbed

push-sum protocol for each block ` as

φt+1
(i,`) =

∑

j∈N ti,`

atij` φ
t
(j,`)

xt+1
(i,`) =

∑

j∈N ti,`

atij` φ
t
(j,`)

φt+1
(i,`)

xt(j,`),

(4.3)

for all ` ∈ {1, . . . , B}, where φ0
(i,`) = 1 and x0

(i,`) are given, for all ` ∈
{1, . . . , B} and i ∈ {1, . . . , N}.

We study now under which conditions the block-wise running consensus
protocol (4.3) reaches an asymptotic agreement. For the push-sum algorithm
to achieve asymptotic consensus, the following assumption is needed [16].
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Assumption 4.4.1. For all ` ∈ {1, . . . , B} and t ≥ 0, the matrix At
` is

column stochastic, that is, 1>At
` = 1>. �

We show next how nodes can locally build a matrix At
` satisfying As-

sumption 4.4.1 for each time-varying, directed graph Gt`. Since in our dis-
tributed optimization algorithm we work with a static, strongly connected
digraph G (cf. Assumption 4.2.2), we assume that a column stochastic ma-
trix Ã that matches G is available, i.e., ãij > 0 if (j, i) ∈ E and ãij = 0
otherwise, and 1>Ã = 1>.

To show how At
` can be constructed in a distributed way, we start by

observing that at iteration t, an agent j either sends a block ` to all its
out-neighbors in G, ` = `tj , or to none, ` 6= `tj . Thus, let us concentrate on
the j-th column At

`(:, j) of At
`. If agent j does not send block ` at iteration

t, ` 6= `tj , then all elements of At
`(:, j) will be zero except atjj`. Thus, for

the j-th column to be stochastic, it must be 1>At
`(:, j) = atjj` = 1 (i.e.,

At
`(:, j) is the j-th vector of the canonical basis). Viceversa, if j sends block

`, all its out-neighbors in G will receive it and, thus, column At
`(:, j) has the

same nonzero entries as column Ã(:, j) of Ã. Since Ã is column stochastic,
the same entries can be chosen, that is, At

`(:, j) = Ã(: j). This rule can
be stated from the point of view of each agent i and its in-neighbors, thus
showing that each agent can locally construct its own weights. For each
i ∈ {1, . . . , N} and ` ∈ {1, . . . , B}, weights atij` can be defined as

atij` ,





ãij , if j ∈ Ni and ` = `tj ,

1, if j = i and ` 6= `ti,

0, otherwise.

(4.4)

Besides imposing At
` to be column stochastic for each t, another key as-

pect to achieve consensus is that the time-varying digraphs Gt` be T -strongly

connected, i.e., for all t ≥ 0 the union digraph
⋃T−1
τ=0 Gt+τ` is strongly con-

nected.
Since each (time-varying) digraph Gt` is induced by the block selection

rule, its connectivity properties are strictly related to the chosen rule. Thus,
the T -strongly connectivity requirement imposes a condition on the way the
blocks will be selected. The following general essentially cyclic rule is enough
to guarantee that the time-varying digraph Gt` is T -strongly connected.

Assumption 4.4.2 (Block Updating Rule). For each agent i ∈ {1, . . . , N}
there exists a (finite) constant Ti > 0 such that

Ti−1⋃

τ=0

{`t+τi } = {1, . . . , B}, for all t ≥ 0. �

Note that the above rule does not impose any coordination among the
agents, but agents selects their own block independently. Therefore, at the
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same iteration, different agents may update different blocks. Moreover, some
blocks can be updated more often than others. However, the rule guarantees
that, within a finite time window of length T ≤ maxi∈{1,...,N} Ti, all the
blocks have been updated at least once by all the agents. This is enough for
Gt` to be T -strongly connected, as formalized in the next proposition.

Proposition 4.4.3. Under Assumptions 4.2.2 and 4.4.2, there exits a 0 <
T ≤ max

i∈{1,...,N}
Ti, such that

⋃T−1
τ=0 Gt+τ` , ` ∈ {1, . . . , B}, is strongly connected,

for all t ≥ 0.

Proof. Consider a particular block `, and define sti(`) as the last time agent
i sends block ` in the time window [t, t + T − 1], where t ≥ 0. The essen-
tially cyclic rule (cf. Assumption 4.4.2) implies that sti(`) ≤ T − 1 for all
i ∈ {1, . . . , N}. By definition of Gt`, we have that any edge (j, i) ∈ E also be-

longs to Gt+s
t
i(`)

` . Since ({1, . . . , N}, E) ⊆ ⋃i∈{1,...,N} G
t+sti(`)
` ⊆ ⋃t+T−1

τ=t Gτ` ,

we have that
⋃T−1
τ=0 Gt+τ` is strongly connected, since G is so (cf. Assump-

tion 4.2.2).

Since {Gt`}t∈N is T -strongly connected for all ` ∈ {1, . . . , B} and each
At
` is a column stochastic matrix matching Gt`, a direct application of [60,

Corollary 2] leads to the following convergence result for the matrix product
At+T :t
` , At+T

` At+T−1
` · · ·At

`.

Proposition 4.4.4 ([60, Corollary 2]). Suppose that Assumptions 4.2.2 and
4.4.2 hold true, and let At

` be defined as in (4.4), with ` ∈ {1, . . . , B}. Then,
the matrix product At+T :t

` , At+T
` At+T−1

` · · ·At
` satisfies the geometrical de-

cay property, i.e., there exists a sequence of (real) stochastic vectors {ξt`}t∈N
such that

|(At+T :t
` )ij − (ξt`)i| ≤ c`(ρ`)T ,

for some c` > 0 and ρ` ∈ (0, 1), where the notation (ρ`)
T means ρ` to the

power of T . �

Invoking Proposition 4.4.4, we can finally obtain the desired convergence
result for the proposed block consensus protocol (4.3).

Theorem 4.4.5. Consider the block consensus scheme (4.3), under As-
sumptions 4.2.2 and 4.4.2, and let each weight matrix At

` be defined accord-
ing to (4.4). Then, the following holds:

lim
t→∞

∥∥∥xt(i,`) −
N∑

i=1

x0
(i,`)

∥∥∥ = 0, for all ` ∈ {1, . . . , B}. �

Remark 4.4.6. In this chapter, we assumed to have a strongly connected,
static directed network. However, more general time-varying communication
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topologies are highly desiderable. The only requirement that the network
should always fulfill is that the combination of the block selection rule with
the communication digraph preserves the T -strongly connectivity of the block
induced graphs Gt` for all ` ∈ {1, . . . , B}. �

4.4.2 Algorithm Design

We are now in the position to introduce the novel distributed big-data opti-
mization algorithm, which combines the proposed block-wise push-sum run-
ning consensus scheme with the successive convex approximations approach
(suitably tailored to a block implementation). Specifically, each agent i
maintains a set of local variables that will be iteratively updated along the
algorithmic evolution, namely φ(i,:), x(i,:) and y(i,:) Consistently with the
block structure of the optimization variable, also these states have a block
structure (and can, thus, be updated block-wise). Thus, for example, we
denote by xt(i,`) ∈ Rd the `-th block-component of local estimate xt(i,:) that
agent i has at time t.

Informally, agent i performs a partial minimization only with respect
to the block it selects. Then, agent i performs the block-wise consensus
update introduced in the previous subsection. The Block Iterative Gradient
Tracking and Averaging is formally reported in Distributed Algorithm 9
from the perspective of node i and discussed in detail afterwards. Each
agent i initializes the local states as: x0

(i,:) to an arbitrary value, φ0
(i,:) =

[1, . . . , 1]> , 1, and y0
(i,:) = ∇fi(x0

(i,:)).

Let us comment the steps of the distributed algorithm. At each iter-
ation t, each agent i selects a block `ti ∈ {1, . . . , B} according to a rule
satisfying Assumption 4.4.2. Then, a local approximation of problem (4.1)
is constructed by replacing the nonconvex cost fi with a strongly convex sur-
rogate f̂(i,`ti)

depending on the current estimates of xt(i,:), and on a gradient

estimate yt
(i,`ti)

of the smooth part of the cost function, i.e., an estimate of
∑N

i=1∇fi. Notice that we use a slightly different notation for the surrogate
from NEXT algorithm recalled in Section 4.3. We will describe next how
the two expressions are related. Formally, in (4.5) agent i performs a local
minimization of the surrogate function only with respect to ` = `ti and does
not update the other blocks of xt(i,:). Then, it constructs a local descent

direction as in (4.6).

After these updates, each node i sends to its out-neighbors xt
(i,`ti)

+

γt∆xt
(i,`ti)

, where γt is a suitable diminishing step-size. We want to stress

that this value together with yt
(i,`ti)

and φt
(i,`ti)

are the sole quantities sent

by agent i to its neighbors. Thus, Block Iterative Gradient Tracking and
Averaging (Block-SONATA) not only involves the solution of low dimen-
sional optimization problems, but also the transmission of a limited amount
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Distributed Algorithm 9 Block Iterative Gradient Tracking and Averag-
ing (Block-SONATA)

Local Optimization:

select `ti ∈ {1, . . . , B} and compute

x̃t(i,`ti)
= argmin

x
`t
i
∈K

`t
i

f̂i,`ti

(
x`ti ; x

t
(i,:),y

t
(i,`ti)

)
+ r`ti(x`ti) (4.5)

∆xt(i,`) =

{
x̃t

(i,`ti)
− xt

(i,`ti)
, if ` = `ti

0 otherwise
(4.6)

Averaging and Gradient Tracking:

for each j ∈ Ni: receive φt
(j,`tj)

and xt
(j,`tj)

+ γt∆xt
(j,`tj)

for each ` ∈ {1, . . . , B}: compute

φt+1
(i,`) =

∑

j∈N ti,`

atij` φ
t
(j,`) (4.7)

xt+1
(i,`) =

∑

j∈N ti,`

atij` φ
t
(j,`)

φt+1
(i,`)

(
xt(j,`) + γt∆xt(j,`)

)
(4.8)

for each j ∈ Ni: receive φt
(j,`tj)

yt
(j,`tj)

+∇`tjfj
(
xt+1

(j,:)

)
−∇`tjfj

(
xt(j,:)

)

for each ` ∈ {1, . . . , B}: compute

yt+1
(i,`) =

∑

j∈N ti,`

atij`

φt+1
(i,`)

(
φt(j,`) yt(j,`) +∇`fj

(
xt+1

(j,:)

)
−∇`fj

(
xt(j,:)

))
(4.9)

of information.

As for the consensus step, agent i updates its local variables by means of
the novel block-wise running consensus protocol described in Section 4.4.1.
We point out once more that only the information received by the in-
neighbors that have updated the corresponding block are used.

4.4.3 Algorithm Features and Alternative Formulations

A few comments about our distributed algorithm are in order at this point.
First, we stress that a limited amount of data is transmitted at each iter-
ation. Indeed, we point out that (although the notation in the consensus
updates might hide this aspect) agents send only one block per iteration.
Thus, each agent i receives exactly |Ni| updated quantities that are recom-
bined by means of (4.8) and (4.9). In other words, the for-loop over ` in
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fact consists of at most |Ni| non-trivial consensus steps. Moreover, due to
the presence of the weights atij`, each non-trivial consensus step involves the
sum of at most |Ni| terms over all the blocks.

As for the consensus iterations of the proposed algorithm, we notice
that we can extrapolate the explicit push-sum scheme by introducing slack
variables to obtain

φt+1
(i,`) =

∑
j∈Ni

atij` φ
t
(j,`) (4.10)

st+1
(i,`) =

∑
j∈Ni

atij`

(
st(j,`) + γtφt(j,`)∆xt(j,`)

)
(4.11)

xt+1
(i,`) =

st+1
(i,`)

φt+1
(i,`)

(4.12)

σt+1
(i,`) =

∑
j∈Ni

atij`

(
σt(j,`) +∇`fj

(
xt+1

(j,:)

)
−∇`fj

(
xt(j,:)

))
(4.13)

yt+1
(i,`) =

σt+1
(i,`)

φt+1
(i,`)

, (4.14)

for all ` ∈ {1, . . . , B}. Notice that the above scheme is an equivalent formu-
lation of (4.7), (4.8) and (4.9) that is more convenient for the analysis. In
Section 4.5 we will study the convergence of Block Iterative Gradient Track-
ing and Averaging relying on the push-sum formulation of the consensus
protocol.

We also point out that (4.12) and (4.14) are performed in the so-called
Adapt-Then-Combine scheme (ATC). However, they could be also per-
formed in the Combine-Then-Adapt (CTA) way. Formally, for all ` ∈
{1, . . . , B}, agent i can perform

xt+1
(i,`) =

∑

j∈N ti,`

atij`φ
t
(j,`)

φt+1
(j,`)

xt(j,`) + γtφt(i,`)∆xt(i,`)

yt+1
(i,`) =

∑

j∈N ti,`

atij` φ
t
(j,`)

φt+1
(i,`)

yt(j,`) +
∇`fi

(
xt+1

(i,:)

)
−∇`fi

(
xt(i,:)

)

φt+1
(i,`)

.

Moreover, it is worth noting that in order to perform (4.14) (and also its
CTA counterpart), agent i needs to compute the entire gradient ∇fi(xt+1

(i,:))

(recall from (4.4) that aii` > 0 for all `). This possible drawback may be
avoided by a slightly different version of Block Iterative Gradient Tracking
and Averaging in which∇`fi is replaced by an auxiliary variable ĝ(i,`), which
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is iteratively updated as

ĝt+1
(i,`) =

{
∇`tifi

(
xt+1

(i,:)

)
, if ` = `ti,

ĝt(i,`), otherwise,

yt+1
(i,`) =

∑

j∈N ti,`

atij`φ
t
(j,`)

φt+1
(i,`)

yt(j,`) +
ĝt+1

(i,`) − ĝt(i,`)

φt+1
(i,`)

.

An important property of Block Iterative Gradient Tracking and Aver-
aging (inherited by its non-big-data counterpart SONATA) is the recursive
feasibility of each sequence xt(i,:). Indeed, from the update (4.12) of the local

solution estimate, we notice that, being ∆xt(j,`) a feasible (descent) direction,

if xt(j,`) is feasible for the constraint K` then also the point xt(j,`) + γt∆xt(j,`)
is feasible for K`. Moreover, since the weights involved in the consensus
mixing, atij`φ

t
(j,`)/φ

t+1
(i,`), j ∈ Ni, sum up to one, then also the new iterate

xt+1
(i,`) is feasible for K`.

Finally, we describe a special instances of Block Iterative Gradient Track-
ing and Averaging. Consider an unconstrained version of problem (4.1) with
r` = 0 for all `, and suppose one chooses the simplest surrogate in (4.12),
namely the linearization of fi, then Block Iterative Gradient Tracking and
Averaging boils down to

φt+1
(i,`) =

∑

j∈N ti,`

atij` φ
t
(j,`)

xt+1
(i,`) =

∑

j∈N ti,`

atij` φ
t
(j,`)

φt+1
(i,`)

(
xt(j,`) − γtyt(j,`)

)

yt+1
(i,`) =

∑

j∈N ti,`

atij`

φt+1
(i,`)

(
φt(j,`) yt(j)+∇`fj(xt+1

(j,:))−∇`fj(x
t
(j,:))

)
,

which is the block-wise implementation of existing distributed (non-big-
data) algorithms, as e.g., [62].

To conclude this subsection, we want to stress a key aspect of Block
Iterative Gradient Tracking and Averaging related to the block-dependent
communication graph. Even if the starting communication network is static
and undirected, we cannot escape from the block-wise push-sum running
consensus scheme. In fact, the block selection rule will still give rise to a
directed time-varying graph.

4.4.4 Algorithm Convergence Analysis

In this subsection we discuss the assumptions under which Block Iterative
Gradient Tracking and Averaging converges, together with the formal con-
vergence theorem. Specifically, under mild (quite standard) requirements
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on the surrogate functions f̂i,` [cf. (4.5)] and the step-size sequence {γt}t≥0

the algorithm is guaranteed to converge.

The surrogate function f̂i,`(•; x,g) : Rd → R is a function parameterized
by x ∈ RdB and g ∈ RdB for all i ∈ {1, . . . , N} and ` ∈ {1, . . . , B}. Roughly
speaking, x is the point at which we approximate the function fi while g
contains the first-order information assigned to f̂i,`. To further highlight the
properties of the surrogate, we express it as the sum of two terms as follows

f̂i,`(x`; x
t
(i,:),g

t) = f̃i,`(x`,x
t
(i,:)) +

(
gt −∇`fi(xti)

)>
(x` − xt(i,`)) (4.15)

where the function f̃i,` satisfies the following properties.

Assumption 4.4.7 (On the surrogate functions). Given problem (4.1) un-
der Assumption 4.2.1, each surrogate function f̃i,` : K` × K → R is chosen
such that

1. f̃i,`(•; x) is strongly convex with constant τi > 0 on K` for all x ∈ RdB;

2. ∇f̃i,`(x`; x) = ∇`fi(x), for all x ∈ K;

3. ∇f̃i,`(x`; •) is Lipschitz continuous on K for all x` ∈ Rd;

where the notation ∇f̃i,` denotes the partial gradient of f̃i,` with respect to
its first argument. �

The conditions above are mild assumptions. Condition (iii) is a simple
Lipschitzianity requirement that is readily satisfied if, for example, the set
K is bounded. In general, f̂i,` should be regarded as a (simple) convex,
local, approximation of fi that preserves the first-order properties of fi at
the point x and encodes additional first-order information specified in the
second parameter.

Several valid instances of f̂i,` are possible for a given fi; the appropriate
one depends on the problem at hand and on the computational requirements.
Detailed examples can be found in [29,33]. As for the step-size γt, we need
the following.

Assumption 4.4.8 (On the step-size). The sequence {γt}t≥0, with each
0 < γt ≤ 1, satisfies:

(i) γt+1 ≤ γt, for all t ≥ 0;

(ii)
∞∑
t=0

γt =∞ and
∞∑
t=0

(γt)2 <∞. �
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Conditions (ii) are standard and satisfied by most practical diminish-
ing step-size rules. The upper bound condition in (i) just states that the
sequence is nonincreasing whereas the lower bound condition dictates that∑κ

t=0 γ
t ≥ γ0(η0 + η1 + · · ·+ ηκ), that is, the partial sums

∑κ
t=0 γ

t must be
lower-bounded by a convergent geometric series. This impose a maximum
decay rate to {γt}. Given that

∑∞
t=0 γ

t = +∞, the aforementioned require-
ment is clearly very mild and indeed it is also satisfied by most classical
diminishing stepsize rules. For example, the following rule, proposed in [33],
satisfies Assumption 5.2.3 and has been found to be very effective in our
experiments: γt+1 = γt

(
1− µγt

)
, with γ0 ∈ (0, 1] and µ ∈ (0, 1).

We are now in the position to state the main convergence result, as given
below.

Theorem 4.4.9. Let
{
xt(1,:), . . . ,x

t
(N,:)

}
t≥0

be the sequence generated by
Block-SONATA distributed algorithm, and consider their weighted aver-
age having components

s̄t` =
1

N

N∑
i=1

φt(i,`)x
t
(i,`)

for all ` ∈ {1, . . . , B}. Suppose that Assumptions 4.2.1, 4.2.2, 4.4.1 4.4.7,
and 4.4.8 are satisfied; then the following holds:

1. consensus: ‖xt(i,:) − s̄t‖ → 0 as t→∞, for all i ∈ {1, . . . , N};

2. convergence: {s̄t}t≥0 is bounded, and every of its limit points is a
stationary solution of problem (4.1). �

Section 4.5 is dedicated to the proof of this theorem. To conclude this
section we comment on its twofold result. First, a consensus is asymptoti-
cally achieved among the local estimates xt(i,:) over all the blocks. Second, the

weighted average estimate s̄t converges to the set S of stationary solutions
of problem (4.1). Therefore, the sequence {xt(1,:), . . . ,xt(N,:), }t≥0 converges

to the set {1N ⊗ x∗ : x∗ ∈ S}. In particular, if U in (4.1) is convex, Block
Iterative Gradient Tracking and Averaging converges (in the aforementioned
sense) to the set of global optimal solutions of the convex problem.

Remark 4.4.10. It is worth pointing out that one can consider also a time-
varying digraph Gt connecting the agents. The block-selection rule should
be combined to a proper long-term connectivity assumption of Gt that guar-
antees that the induced graphs associated to each block are T -strongly con-
nected. �

4.5 Convergence Analysis

The proof consists of several stages that are organized in subsections. We
start with some preliminaries on the perturbed push-sum. Then we prove
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that the local estimates of the agents are asymptotically consensual to their
average and, finally we derive a series of results to show that any limit point
of the average sequence of the primal variables is a stationary solution for
problem (4.1).

4.5.1 Preliminaries on the Perturbed Push-Sum Consensus

Consider the generic perturbed push-sum protocol

ψt+1
i =

∑
j∈N ti

atijψ
t
j

ηt+1
i =

∑
j∈N ti

atij(η
t
j + εtj)

zt+1
i =

ηt+1
i

ψt+1
i

(4.16)

where atij are entries of a column stochastic matrix At while the variables ψi,

ηi and zi are scalar i ∈ {1, . . . , N}. Moreover, ψ0
i = 1 for all i ∈ {1, . . . , N}.

Lemma 4.5.1 ([60, Lemma 1]). Consider the protocol (4.16), then it holds

(a)

∣∣∣zt+1
i − 1

N

N∑
j=1

(ηtj + εtj)
∣∣∣ ≤ c1(ρ)t + c2

t∑
τ=1

(ρ)t−τ
N∑
i=1
|ετi | (4.17)

where ρ ∈ (0, 1) and c1 and c2 are positive scalars;

(b) if the perturbations are vanishing, i.e., lim
t→∞

εti = 0, then

lim
t→∞

∣∣∣zt+1
i − 1

N

N∑
i=1

(ηti + εti)
∣∣∣ = 0

�

The previous lemma can be generalized when a vector form of the push-
sum protocol is considered. The following extension of (4.17) holds

∥∥∥zt+1
i − η̄t+1

∥∥∥ ≤ c1(ρ)t + c2

t∑
τ=1

(ρ)t−τ
N∑
i=1
‖ετi ‖1, (4.18)

where we set η̄t+1 = 1
N

∑N
j=1 η

t+1
j = 1

N

∑N
j=1(ηtj + εtj).

4.5.2 Consensus Achievement

In this subsection we prove that the estimates xt(i,:) reach asymptotic consen-

sus to their weighted average s̄t. Moreover, we study the consensus dynamics
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of the gradient tracking yt(i,:). We start by writing the algorithmic evolution

of the average of the decision variable estimates s̄t and the gradient tracking
estimates σ̄t. Starting from (4.5)-(4.6) and (4.10)-(4.14), it is not difficult
to show that the following holds true

s̄t+1
` = s̄t` + γt

1

N

N∑
i=1

φt(i,`)∆xt(i,`) (4.19)

σ̄t+1
` = σ̄t` +

N∑
i=1

(
∇`fi(xt+1

(i,:))−∇`fi(xt(i,:))
)
. (4.20)

In the following we prove two preparatory results which represent uni-
form upper bounds on the gradient tracking sequence and on the local de-
scent directions.

Lemma 4.5.2. Consider the sequences generated by Block-SONATA.
Then, the following holds

1. for all ` ∈ {1, . . . , B}, i ∈ {1, . . . , N}

sup
t≥0

∥∥∥yt(i,`) − σ̄t`
∥∥∥ < C1, (4.21)

with C1 positive, finite scalar;

2. for all ` ∈ {1, . . . , B}, i ∈ {1, . . . , N}

sup
t≥0

∥∥∥∆xt(i,`)

∥∥∥ < C2, (4.22)

with C2 positive, finite scalar.

Proof. As for the uniform bound on the gradient tracking, it follows by
noticing that the gradient tracking scheme described in (4.10), (4.13) and
(4.14) is a perturbed push-sum. Thus, we can invoke Lemma 4.5.1 (cf.
eq. (4.18)) to conclude that

∥∥∥yt(i,`) − σ̄t`
∥∥∥ ≤ c1(ρ)t−1 +

t−1∑
τ=1

(ρ)t−1−τ
N∑
i=1
‖∇`fi(xτ+1

(i,:) )−∇`fi(xτ(i,:))‖1,

(4.23)

with ρ ∈ (0, 1). Since by Assumption 4.2.1 ∇fi is bounded, then also the
forcing term ‖∇`fi(xτ+1

(i,:) ) −∇`fi(xτ(i,:))‖ is uniformly bounded for all i and

τ , and thus condition (4.21) follows.
The condition 2. is characterizing the local descent direction ∆x(i,`) that

each agent computes. For ` 6= `ti it is equal to zero implying trivially (4.22).
For ` = `ti, we notice that x̃ti,` is the solution of the composite strongly convex
optimization problem (4.5), thus it holds (see Lemma 4.5.10 in Section 4.5.6)

‖∆xt(i,`ti)
‖ ≤ N

τi
‖yt(i,`ti)‖+

Br
τi
.
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where we used the fact that the gradient of f̂i,` is yt(i,`) (cf. Assumption 4.4.7)

and the boundedness of the subgradients ∇̃r` (cf. Assumption 4.2.1). By
adding and subtracting suitable terms

‖∆xt(i,`ti)
‖ ≤ N

τi
‖yt(i,`ti) − σ̄

t
(i,`ti)
‖+ ‖σ̄t(i,`ti)‖+

Br
τi
.

≤ N

τi

B∑
`=1

‖yt(i,`) − σ̄t(i,`)‖+
∥∥∥
N∑
i=1
∇`tifi(x

t
(i,:))

∥∥∥+
Br
τi
.

and using (4.21) and the boundedness of ∇fi (cf. Assumption 4.2.1), con-
dition (4.22) follows, concluding the proof.

In the following proposition we characterize the consensual behavior of
the decision variables. We point out that the following discussion is indepen-
dent of the block-wise updates of our distributed algorithm and relies mainly
on the network connectivity properties induced by the block selection rule.

Proposition 4.5.3. Consider the sequences generated by Block-SONATA.
Then, the decision variables are asymptotically consensual to s̄t, i.e.,

lim
t→∞
‖xt(i,:) − s̄t‖ = 0 (4.24)

for all i ∈ {1, . . . , N}. Moreover, the following summability conditions hold
true

∞∑
t=0

γt‖xt(i,:) − s̄t‖ <∞ (4.25)

∞∑
t=0
‖xt(i,:) − s̄t‖2 <∞ (4.26)

Proof. It is sufficient to prove the previous conditions (4.24), (4.25) and
(4.26) for each block `. Notice that the algorithmic evolution of xt(:,`) is a

perturbed push-sum. By Lemma. 4.5.2 and since the step-size γt is vanish-
ing, then each perturbation εti,` = γtφt(i,`)∆xt(i,`) is vanishing. Thus, we can

invoke Lemma 4.5.1 (b) to conclude that

lim
t→∞
‖xt(i,`) − s̄t`‖ = 0 (4.27)

As for proving (4.25), we use Lemma 4.5.1 (a) (cf. eq. (4.18) to write

∞∑
t=0

γt+1‖xt+1
` − s̄t+1

` ‖ ≤
∞∑
t=0

γt+1
(
c1(ρ)t+ c2

t∑
τ=1

(ρ)t−τγτ‖∆xt(:,:)‖1
)

(4.28)

and use boundedness of ‖∆xt(:,:)‖1 with [65, Lemma 7] to conclude the
summability.
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Finally, by using the same approach as before, we have

∞∑
t=0
‖xt+1

` − s̄t+1
` ‖2

≤
∞∑
t=0

(
c1(ρ)t + c3

t∑
τ=1

ρt−τγτ
)2

=
∞∑
t=0

(
c2

1(ρ)2t + c2
3

t∑
τ=1

t∑
s=1

γτγs(ρ)t−τ (ρ)t−s + 2c1c3

t∑
τ=0

γτ (ρ)t−τ (ρ)t
)
.

We can invoke [29, Lemma 7] to conclude that the consensus error is square
summable, i.e., (4.26) holds true, and the proof follows.

It is worth noting at this point that Proposition 4.5.3 (cf. eq. (4.24))
proves the first statement of Theorem 5.2.4. In the following result we
characterize the gradient tracking scheme.

Proposition 4.5.4. Consider the sequences generated by Block-SONATA.
Then, the gradient tracking error is vanishing, i.e.,

lim
t→∞

∥∥∥yt(i,:) −
1

N

N∑
i=1
∇fi(xt(i,:))

∥∥∥ = 0, (4.29)

for all i ∈ {1, . . . , N}.
Proof. It is sufficient to prove (4.5.4) for each block `. Since we initialize
the gradient tracker as y0

(i,`) = ∇`fi(x0
(i,:)), for all i ∈ {1, . . . , N} and ` ∈

{1, . . . , B}, it holds

1

N

N∑
j=1
∇`fj(xt(j,:)) = σ̄t`

for all ` ∈ {1, . . . , B}.
Since the gradient tracking scheme is a perturbed push-sum, we can

invoke Lemma 4.5.1 and write

∥∥yt(i,`)−
1

N

N∑
j=1
∇`fj(xt(j,:))

∥∥=
∥∥yt(i,`)−σ̄t`

∥∥

≤ c1(ρ)t−1 + c2

t−1∑
τ=1

(ρ)t−1−τ
N∑
i=1

∥∥∇`fi(xτ+1
(i,:) )−∇`fi(xτ(i,:))

∥∥

(a)

≤ c1(ρ)t−1 + c3

t−1∑
τ=1

(ρ)t−1−τ
N∑
i=1

∥∥xτ+1
(i,:) − xτ(i,:)

∥∥
1

(4.30)

where in (a) we used the Lipschitz continuity of each∇fi (Assumption 4.2.1).
Then, we notice that

‖xτ+1
(i,:) − xτ(i,:)

∥∥ ≤ ‖xτ+1
(i,:) − s̄

τ+1
∥∥+ ‖xτ(i,:) − s̄τ

∥∥+ ‖s̄τ+1 − s̄τ
∥∥

≤ ‖xτ+1
(i,:) − s̄

τ+1
∥∥+ ‖xτ(i,:) − s̄τ

∥∥+ γτ
B∑
`=1

N∑
i=1
‖∆xτi,`‖

(4.31)
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and invoking Proposition 4.5.3 (cf. eq. (4.27)) and Lemma 4.5.2 (ii) and since
γt → 0 (cf. Assumption 5.2.3), we can conclude limt→∞ ‖xτ+1

(i,:) −xτ(i,:)
∥∥

1
= 0.

Thus, we can invoke [65, Lemma 7] to conclude the proof.

4.5.3 Cost Descent on the Average of the Decision Estimates

Once we have proven that all the agents are asymptotically consensual to s̄t,
we can restrict our attention to the convergence properties of the sequence
{s̄t}t≥0.

In this subsection we show that the function V t given by

V t ,
N∑
i=1

fi(s̄
t+1) +

N∑
i=1

B∑
`=1

φt(i,`)r`(x
t
(i,`)) (4.32)

satisfies a descent condition along the algorithmic evolution. We start by
focusing on the regularizer r in the cost.

Proposition 4.5.5. Consider the sequences generated by Block-SONATA.
Then, the regularization term satisfies

N∑
i=1

φt+1
(i,`)r`(x

t+1
(i,`))−

N∑
i=1

φt(i,`)r`(x
t
(i,`)) ≤ γt

1

N

N∑
i=1

φt(i,`)

(
r`(x̃

t
(i,`))− r`(xt(i,`))

)

(4.33)

for all ` ∈ {1, . . . , B}.

Proof. From the evolution of xt+1
(i,`) and φt+1

(i,`) in Block-SONATA, we have

N∑
i=1

φt+1
(i,`) r`(x

t+1
(i,`)) =

N∑
i=1

N∑
j=1

atij`φ
t
(j,`) r`

(
1

φt+1
(i,`)

N∑
j=1

atij`φ
t
(j,`)

(
xt(j,`) + γt∆xt(j,`)

))

≤
N∑
i=1

N∑
j=1

atij`φ
t
(j,`)

N∑
j=1

1
φt+1
(i,`)

atij`φ
t
(j,`) r`

(
xt(j,`) + γt∆xt(j,`)

)

≤
N∑
i=1

N∑
j=1

atij`φ
t
(j,`)

(
(1− γt)r`(xt(j,`)) + γtr`(x̃

t
(j,`))

)

where we also used the convexity of r`. Using the column stochasticity of
atij` the condition (4.33) follows, concluding the proof.

Lemma 4.5.6. Consider the sequences generated by Block-SONATA and
the following quantity

P t = c2γ
t
B∑
`=1

N∑
i=1

∥∥∥ 1

N

N∑
j=1
∇`fj(s̄t)− yt(i,`)

∥∥∥+ c1(γt)2,

with c1 ≥ 0 and c2 ≥ 0. Then,
∞∑
t=0

P t <∞.
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Proof. We first notice that the second term is summable by Assumption 5.2.3.
Focusing on the first term, we can write

γt
B∑
`=1

N∑
i=1

∥∥∥ 1

N

N∑
j=1
∇`fj(s̄t)− yt(i,`)

∥∥∥

≤ γt
B∑
`=1

N∑
i=1

∥∥ 1
N

N∑
j=1
∇`fj(xt(j,:))− yt(i,`)

∥∥

+ γt
B∑
`=1

N∑
i=1

∥∥ 1
N

N∑
j=1
∇`fj(xt(j,:))− 1

N

N∑
j=1
∇`fj(s̄t)

∥∥

where we added and subtracted 1
N

∑N
j=1∇`fj(xt(j,:)) inside the norm and

applied the triangle inequality.

For the first term we can retrace the reasoning in Proposition 4.5.4 and
exploit (4.23) and (4.31) to conclude the summability of the first term. Using
the Lipschitz continuity of ∇fi (cf. Assumption 4.2.1) and Proposition 4.5.3
(cf. eq. (4.25)) the second term is summable. So that the proof follows.

Proposition 4.5.7. Consider the sequences generated by Block-SONATA.
Then {V t}t≥0 satisfies

V t+1 ≤ V t − c3

B∑
`=1

N∑
i=1

γt‖∆xt(i,`)‖2 + P t (4.34)

for some positive, finite scalar c3 and with P t defined as

P t = c2γ
t
B∑
`=1

N∑
i=1

∥∥∥ 1
N

N∑
j=1
∇`fj(s̄t)− yt(i,`)

∥∥∥+ c1(γt)2, (4.35)

with c1 and c2 being positive, finite scalars.

Proof. Since
∑N

i=1 fi has Lipschitz continuous gradient with constant L =∑N
i=1 Li, the descent lemma ([9, Lemma A.24]) gives

N∑
i=1

fi(s̄
t+1) ≤

N∑
i=1

fi(s̄
t) +

( N∑
j=1
∇fj(s̄t)

)>(
s̄t+1 − s̄t

)
+ L

2 ‖s̄t+1 − s̄t‖2

≤
N∑
i=1

fi(s̄
t) +

B∑
`=1

( N∑
j=1
∇`fj(s̄t)

)> γt
N

N∑
i=1

φt(i,`)∆xt(i,`)

+
L

2

B∑
`=1

∥∥∥ 1
N γ

t
N∑
i=1

φt(i,`)∆xt(i,`)

∥∥∥
2
.

At this point we add and subtract γt
∑N

i=1

∑B
`=1 φ

t
(i,`)(y

t
(i,`))

>∆xt(i,`) and
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rearrange terms to obtain

N∑
i=1

fi(s̄
t+1) ≤

N∑
i=1

fi(s̄
t)

+ γt
B∑
`=1

N∑
i=1

φt(i,`)
(
yt(i,`)

)>
∆xt(i,`) (4.36)

+ γt
B∑
`=1

N∑
i=1

φt(i,`)

(
1
N

N∑
j=1
∇`fj(s̄t)− yt(i,`)

)>
∆xt(i,`) (4.37)

+ (γt)2L

2

B∑
`=1

N∑
i=1

φt
(i,`)

N ‖∆xt(i,`)‖2, (4.38)

where we used the fact that for all ` ∈ {1, . . . , B} the coefficients φt(i,`)/N ,

i ∈ {1, . . . , N} sum up to 1. We notice that (4.36) represents a gradient-
related-type condition, thus Lemma 4.5.10 (ii) applies. Moreover, eq. (4.37)
contains a term involving the gradient tracking error, so we can exploit
Proposition 4.5.4. Finally, for (4.37) and (4.38) we can use the uniform
boundedness of each ∆xt(i,`) = x̃t(i,`)−xt(i,`) given in Lemma 4.5.2 (ii). Thus,
we can write
N∑
i=1

fi(s̄
t+1) ≤

N∑
i=1

fi(s̄
t)− γtτ

B∑
`=1

N∑
i=1

φt(i,`)‖∆xt(i,`)‖2

− γt
B∑
`=1

N∑
i=1

φt(i,`)
(
r`(x̃

t
(i,`))− r`(xt(i,`))

)

+ γt
B∑
`=1

N∑
i=1

φt(i,`)

∥∥∥ 1
N

N∑
j=1
∇`fj(s̄t)− yt(i,`)

∥∥∥‖∆xt(i,`)‖

+ c1(γt)2.

Using Proposition 4.5.5, we can conclude that

V t+1 ≤ V t − c3γ
t
B∑
`=1

N∑
i=1
‖∆xt(i,`)‖2

+ c2γ
t
B∑
`=1

N∑
i=1

∥∥∥ 1

N

N∑
j=1
∇`fj(s̄t)− yt(i,`)

∥∥∥+ c1(γt)2,

where we used the lower bound on φt(i,`), cf. [60, Corollary 2 (c)]. Using the

definition of P t in (4.35), the proof is complete.

4.5.4 Best-Response Map

In order to prove the convergence to a stationary point of problem (4.1)
we will rely on the properties of the following best-response map (see Sec-
tion 4.5.6)

x̂(i,`)

(
xt(i,:)

)
, argmin

x`∈K`
f̂i,`

(
x`; x

t
(i,:),

1
N

N∑
i=1
∇`fi(xt(i,:))

)
+ r`(x`), (4.39)
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that are reported in the following lemmas.

Lemma 4.5.8 ([33]). The map x̂(i,`)(•) is Lipschitz continuous with con-

stant L̂ for all i ∈ {1, . . . , N} and ` ∈ {1, . . . , B}. Moreover, for all
i ∈ {1, . . . , N}, let x̂(i,:)(•) be the stack of x̂(i,`)(•) for all ` ∈ {1, . . . , B}.
Then the set of fixed points of x̂(i,:)(•) coincides with the stationary solutions
of problem (4.1). �

Lemma 4.5.9. Consider the sequences generated by Block-SONATA.
The following property holds true

lim
t→∞

∥∥x̂(i,`ti)

(
xt(i,:)

)
− x̃t(i,`ti)

∥∥ = 0 (4.40)

for all i ∈ {1, . . . , N}.
Proof. We use the shorthand x̂t

(i,`ti)
for x̂(i,`ti)

(
xt(i,:)

)
. By writing the opti-

mality conditions of x̂t
(i,`ti)

and x̃t
(i,`ti)

, we obtain that for all w ∈ K`ti the

following conditions hold

(
w − x̂t(i,`ti)

)>(∇`ti f̂i,`ti(x̂
t
(i,`ti)

; xt(i,:),
1
N

N∑
i=1
∇`tifi(x

t
(i,:))) + ∇̃r`ti

(
x̂t

(i,`ti)

))
≥ 0

(4.41)

and
(
w − x̃t(i,`ti)

)>(∇`ti f̂i,`ti(x̃
t
(i,`ti)

; xt(i,:),y
t
(i,`ti)

) + ∇̃r`ti
(
x̃t(i,`ti)

))
≥ 0 (4.42)

Combining the two inequalities (4.42) and (4.41), we obtain

(
x̃t(i,`ti)

− x̂t(i,`ti)

)>(
∇`ti f̂i,`ti(x̂

t
(i,`ti)

; xt(i,:),
1
N

N∑
i=1
∇`tifi(x

t
(i,:))) + ∇̃r`ti

(
x̂t

(i,`ti)

)

−∇`ti f̂i,`ti(x̃
t
(i,`ti)

; xt(i,:),y
t
(i,`ti)

)− ∇̃r`ti
(
x̃t(i,`ti)

))
≥ 0.

By using the expression of f̂i,`ti as the sum of f̃i,` and a first-order term,

using the strong convexity of f̃i,`ti (cf. Assumption 4.4.7), the convexity r`ti
(cf. Assumption 4.2.1) and the Cauchy-Schwarz inequality, the following
holds

∥∥x̃t(i,`ti) − x̂t(i,`ti)
∥∥ ≤ 1

τi

∥∥∥ 1
N

N∑
i=1
∇`tifi(x

t
(i,:))− yt

(i,`ti)

∥∥∥.

Finally, by noticing that

lim sup
t→∞

‖ 1
N

N∑
i=1
∇`tifi(x

t
(i,:))− yt

(i,`ti)
‖ ≤ lim sup

t→∞

B∑
`=1

‖ 1
N

N∑
i=1
∇`fi(xt(i,:))− yt(i,`)‖

≤
B∑
`=1

lim sup
t→∞

‖ 1
N

N∑
i=1
∇`fi(xt(i,:))− yt(i,`)‖

and invoking Proposition 4.5.4, we have lim supt→∞
∥∥x̃t

(i,`ti)
− x̂(i,`ti)

∥∥ = 0,

which implies (4.40) and the proof follows.
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4.5.5 Limit Points of Decision Estimates Average are Sta-
tionary

In this subsection we prove that every limit point of {s̄t} is a stationary
point of problem (4.1).

As first step we notice that, since U is coercive and P t, defined in (4.35),
is summable by Lemma 4.5.6, then we have that {V t}t≥0 converges to a
finite value and

∞∑
t=0

N∑
i=1

T−1∑
τ=0

γt+τ‖∆xt+τ
(i,`t+τi )

‖2 <∞. (4.43)

For all t ≥ 0, let us consider a (finite) time window of T consecutive
steps, [t, t + T − 1]. By Assumption 4.4.2 we have that all the blocks have
been updated at least once by each agent i ∈ {1, . . . , N} within this window.
Since, in general T ≥ B, then some blocks might have been updated more
than once, i.e., there exist 0 ≤ s1 < s2 ≤ T − 1 such that `t+s1i = `t+s2i .
Thus, we split the summation in two terms: the first one contains only a
single term for each block ` ∈ {1, . . . , B}, while the second one contains all
the remaining terms. Formally, for all i ∈ {1, . . . , N}, it holds

N∑
i=1

T−1∑
s=0
‖∆xt+s

(i,`t+si )
‖ =

N∑
i=1

B∑
`=1

‖∆x
t+sti(`)

(i,`
t+st

i
(`)

i )
‖+

N∑
i=1

T−1∑
s=0

s 6=sti(`),`∈{1,...,B}

‖∆xt+s
(i,`t+si )

‖

where t + sti(`) is defined as the last time node i has updated block ` in

[t, t+ T − 1]. Notice that `
t+sti(`)
i = `.

Let us introduce the following quantity

∆t ,
N∑
i=1

B∑
`=1

‖∆x
t+sti(`)

(i,`) ‖. (4.44)

It will play a key role to prove (subsequence) convergence of {s̄t}t≥0.

Since γt is not summable (Cf. Assumption 5.2.3), by (4.43) it follows that
lim inft→∞∆t = 0. Next, we prove that also the lim sup is zero. Assume
by contradiction that lim supt→∞∆t > 0. Then, there exists a δ > 0 such
that ∆t < δ for infinitely many t and also ∆t > 2δ for infinitely many t.
Therefore, we can always find an infinite set of indexes, say T , having the
following properties: for any t ∈ T , there exists an integer θt > t such that

∆t < δ, ∆θt > 2δ

δ ≤∆τ ≤ 2δ, t < τ < θt
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Therefore, for all t ∈ T , we have

δ < ∆θt −∆t

=
N∑
i=1

B∑
`=1

(
‖x̃θt+s

θt
i (`)

(i,`) − x
θt+s

θt
i (`)

(i,`) ‖ − ‖x̃t+s
t
i(`)

(i,`) − x
t+sti(`)

(i,`) ‖
)

≤
N∑
i=1

B∑
`=1

(
‖x̃θt+s

θt
i (`)

(i,`) − x̃
t+sti(`)

(i,`) ‖+ ‖xθt+s
θt
i (`)

(i,`) − x
t+sti(`)

(i,`) ‖
)

(4.45)

where we used the (reverse and standard) triangle inequality to separate
optimization-related from consensus-related quantities. Then, by adding
and subtracting suitable terms involving the best response map x̂(i,`)(•) at
different iterations, we have

δ <
N∑
i=1

B∑
`=1

(
‖x̃θt+s

θt
i (`)

(i,`) − x̂(i,`)(x
θt+s

θt
i (`)

(i,:) )‖

+ ‖x̂(i,`)(x
θt+s

θt
i (`)

(i,:) )− x̂(i,`)(x
t+sti(`)

(i,:) )‖

+ ‖x̂(i,`)(x
t+sti(`)

(i,:) )− x̃
t+sti(`)

(i,`) ‖+ ‖xθt+s
θt
i (`)

(i,`) − x
t+sti(`)

(i,`) ‖
)

≤ (1 + L̂)
N∑
i=1

B∑
`=1

‖xθt+s
θt
i (`)

(i,:) − x
t+sti(`)

(i,:) ‖+ et1

(4.46)

where we used the triangle inequality, the Lipschitz continuity of x̂(i,`)(•)
(Cf. Proposition 4.5.11) and we set

et1 ,
N∑
i=1

B∑
`=1

(
‖x̂(i,`)(x

θt+s
θt
i (`)

(i,:) )− x̃
θt+s

θt
i (`)

(i,`) ‖

+‖x̂(i,`)(x
t+sti(`)

(i,:) )− x̃
t+sti(`)

(i,`) ‖
)
.

(4.47)

Let us add other suitable terms involving the s̄: applying the triangle
inequality, we obtain

δ < (1 + L̂)
N∑
i=1

B∑
`=1

‖s̄θt+sθti (`) − s̄t+sti(`)‖+ et1 + et2,

where we set

et2 ,
N∑
i=1

B∑
`=1

(
‖xθt+s

θt
i (`)

(i,:) − s̄θt+sθti (`)‖+ ‖s̄t+sti(`) − x
t+sti(`)

(i,:) ‖
)
. (4.48)

Since θt + sθti (`) is the last time at which block ` has been updated
by agent i in [θt, θt + T ], it must hold that θt + sθti (`) ≥ t + sti(`) for all
t ≥ 0. Without loss of generality, we consider the worst case in which the
strict inequality θt + sθti (`) > t + sti(`) holds for all i ∈ {1, . . . , N} and
` ∈ {1, . . . , B}. In this way the interval [t + sti(`), θt + sθti (`)] is nonempty.
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Recalling the linear dynamics of s̄` given by (4.19), we can upper bound

‖s̄θt+s
θt
i (`)

` − s̄t+s
t
i(`),

` ‖ by the norm of the forced response of the system,
obtaining

δ < c2

N∑
i=1

B∑
`=1

θt+s
θt
i (`)−1∑

τ=t+sti(`)

N∑
h=1

γτ‖∆xτ(h,`τh)‖+ et1 + et2.

By adding a finite number of terms in the summation indexed by τ , by
rearranging terms and changing the index letter h into i, we can write

δ < c3

N∑
i=1

θt+T−1∑
τ=t+1

γτ‖∆xτ(i,`τi )‖+ et1 + et2.

For all i ∈ {1, . . . , N}, by definition of ∆t in (4.44) it holds

∆xt+T−1

(i,`t+T−1
i )

= ∆x
t+sti(`

t+T−1
i )

(i,`t+T−1
i )

≤∆t,

for all t ≥ 0. Thus, it holds also for t− T , so that we can write

δ < c4

θt+T−1∑
τ=t+1

γτ∆τ−T+1 + et1 + et2 ≤ c4

θt∑
τ=t+1

γτ+T−1∆τ + et1 + et2 + et3,

where we shifted the index and set

et3 ,
t∑

τ=t−T+2

γτ+T−1∆τ . (4.49)

Since by hypothesis ∆τ ≥ δ for τ ∈ [t, θt − 1], then we can invoke
Lemma 4.5.12 and introduce the squared norm, obtaining

δ < c5

θt∑
τ=t+1

γτ+T−1
N∑
i=1

B∑
`=1

‖∆x
τ+sτi (`)

(i,`) ‖2 + et1 + et2 + et3.

Finally, by adding terms we can write

δ < c5

θt∑
τ=t+1

γτ+T−1
N∑
i=1

T−1∑
s=0
‖∆xτ+s

(i,`τ+si )
‖2 + et1 + et2 + et3

(a)

≤ c5

θt∑
τ=t+1

N∑
i=1

T−1∑
s=0

γτ+s‖∆xτ+s

(i,`τ+si )
‖2 + et1 + et2 + et3. (4.50)

where in (a) we used the non-increasing property of the step-size γt (cf.
Assumption 5.2.3).

We notice that et1, et2 and et3 (defined in (4.47), (4.48), (4.49) respectively)
are vanishing because of Proposition 4.5.3, Lemma 4.5.9 and since (4.43)
holds, then there exists a sufficiently large t̄ such that the “tail” (indexed
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by τ ∈ [t, θt − 1]) is arbitrary small for all t ≥ t̄, due to the convergence of
the series in (4.43); then it must hold

c5

θt−1∑
τ=t+1

N∑
i=1

T−1∑
s=0

γτ+s‖∆xτ+s

(i,`τ+si )
‖2 + et1 + et2 + et3 < δ

for all t ≥ t̄, giving a contradiction with (4.50). Thus, it must hold that
lim supt→∞∆t = 0, and hence

lim
t→∞

N∑
i=1

B∑
`=1

‖∆x
t+sti(`)

(i,`) ‖ = 0. (4.51)

As a final step of the proof, we show that any limit point of {s̄t}t ≥ 0.
Since U is coercive and V t converges, then the sequence {s̄t}t≥0 is bounded
and admits a limit point s̄∞ in K.

By Lemma 4.5.8, s̄∞ is a stationary solution of problem (4.1), if

lim
t→∞

∥∥∥x̂(i,:)

(
s̄t
)
− s̄t

∥∥∥ = 0, (4.52)

for all i ∈ {1, . . . , N}. To prove (4.52), we first bound ‖x̂(i,:)

(
s̄t
)
− s̄t‖ as

follows

‖x̂(i,:)

(
s̄t
)
− s̄t‖ =

B∑
`=1

‖x̂(i,`)

(
s̄t
)
− s̄t`‖

(a)

≤
B∑
`=1

(
‖x̂(i,`)

(
s̄t
)
−x̂(i,`)

(
s̄t+s

t
i(`)
)
‖

+ ‖x̂(i,`)

(
s̄t+s

t
i(`)
)
− s̄t+s

t
i(`)

` ‖+ ‖s̄t+s
t
i(`)

` − s̄t`‖
)

(b)

≤
B∑
`=1

(
‖x̂(i,`)

(
s̄t+s

t
i(`)
)
− s̄t+s

t
i(`)

` ‖+ (1 + L̂)‖s̄t+sti(`) − s̄t‖
)

(c)

≤
B∑
`=1

(
‖x̂(i,`)

(
x
t+sti(`)

(i,:)

)
− x̃

t+sti(`)

(i,`) ‖

+ ‖x̂(i,`)

(
s̄t+s

t
i(`)
)
− x̂(i,`)

(
x
t+sti(`)

(i,:)

)
‖+ ‖∆x

t+sti(`)

(i,`) ‖

+ ‖xt+s
t
i(`)

(i,`) − s̄t+s
t
i(`)

` ‖+ (1 + L̂)‖s̄t+sti(`) − s̄t‖
)

where in (a) and in (c) we added terms and used the triangle inequality
while in (b) we used the Lipschitz continuity of the map x̂(i,`)(•).

Using the consensus agreement Proposition 4.5.3 (Cf. (4.24)), the best
response consistency Lemma 4.5.9, the condition (4.51), we get (4.52) for all
i ∈ {1, . . . , N}. So that the proof follows.
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4.5.6 Technicalities

Consider the following optimization problem

x̃ = argmin
x∈K

h(x) + r(x) (4.53)

where h has L-Lipschitz continuous gradient, r is convex (possibly nons-
mooth) and K is a closed, convex set.

Lemma 4.5.10. If, in addition, h is τ -strongly convex, then, for all v ∈ K,
the following holds

1. ‖x̃− v‖ ≤ 1

τ
‖∇h(v)‖+

1

τ
‖∇̃r(x̃)‖;

2. ∇h(v)>(x̃− v) ≤ −τ‖x̃− v‖2 − (r(x̃)− r(v)).

Proof. The optimality conditions gives

(
∇h(x̃) + ∇̃r(x̃)

)>
(x̃− v) ≥ 0.

for all v ∈ K. By adding and subtracting ∇h(v), it follows

(
∇h(x̃)±∇h(v) + ∇̃r(x̃)

)>
(x̃− v) ≥ 0,

which, by using strong convexity of h, implies

‖x̃− v‖2 ≤ −1

τ

(
∇h(v) + ∇̃r(x̃)

)>
(x̃− v).

Using the Cauchy-Schwarz inequality, the proof of (i) follows.
Since r is convex, we have ∇̃r(x̃)>(v − x̃) ≤ r(v)− r(x̃). Thus, we can

write

τ‖x̃− v‖2 ≤
(
∇h(v) + ∇̃r(x̃)

)>
(v − x̃) ≤ −∇h(v)>(x̃− v) + r(v)− r(x̃)

which can be rearranged as ∇h(v)>(x̃ − v) ≤ −τ‖x̃ − v‖2 + r(v) − r(x̃),
concluding the proof.

The latter equation represents a generalization of the gradient-related
condition for composite minimization.

Proposition 4.5.11. Given a strongly convex approximation ĥ(x; w,∇h(w))
of h (with parameter τ) about w, where recall that ∇ĥ(w; w,∇h(w)) =
∇h(w), then the best response map x̂(w) defined as

x̂(w) = argmin
x∈K

ĥ(x; w,∇h(w)) + r(x) (4.54)

satisfies
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(i) x̂(•) is Lipschitz continuous on K, i.e., there exists a positive constant
L̂ such that

‖x̂(w1)− x̂(w2)‖ ≤ L̂‖w1 −w2‖ (4.55)

for all w1,w2 ∈ K.

(ii) The set of fixed points of x̂(•) coincides with the set of stationary
solutions of problem (4.53); therefore x̂(•) has a fixed point. �

Lemma 4.5.12. Consider a vector (w1, . . . , wH) ∈ RH with positive entries
and such that it satisfies

∑H
h=1wh ≥ δ > 0 for some δ > 0. Then it holds

H∑
h=1

wh ≤
H

δ

H∑
h=1

w2
h.

Proof. We can write δ1>w ≤ (1>w)2 ≤ H2
(

1
H1>w

)2
≤ H

H∑
h=1

w2
h, where

we used the convexity of the square norm.

4.6 Application to Nonconvex Sparse Regression

In this section we apply Block-SONATA to the distributed sparse regres-
sion problem described in Section 1.5. Consider a network of N agents
taking linear measurements of a sparse signal x0 ∈ Rm, with data ma-
trix Di ∈ Rni×m. The observation taken by agent i can be expressed as
bi = Dix0 + ni,where ni ∈ Rni accounts for the measurement noise. To
estimate the underlying signal x0, we formulate the problem as:

min
x∈K

N∑

i=1

‖Dix− bi‖22︸ ︷︷ ︸
fi(x)

+ r(x) (4.56)

where x ∈ Rm; K is the box constraint set K , [kL, kU ]m, with scalars
kL ≤ kU ; and r : Rm → R is a difference-of-convex (DC) sparsity-promoting
regularizer, given by

r(x) , λ ·
m∑

j=1

r0(xj), r0(xj) ,
log(1 + θ|xj |)

log(1 + θ)
.

The first step for the application of Block-SONATA is to build a valid
surrogate f̃i,` of fi (cf. Assumption 4.4.7). To this end, we first rewrite r0

as a difference-of-convex function. It is not difficult to check that

r0(x) = η(θ)|x|︸ ︷︷ ︸
r+0 (x)

− (η(θ)|x| − r0(x))︸ ︷︷ ︸
r−0 (x)

,
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where r+
0 : R→ R is convex non-smooth with η(θ) , θ

log(1+θ) , and r−0 : R→
R is convex and has Lipschitz continuous first order derivative given by

dr−0
dx

(x) = sign(x) · θ2|x|
log(1 + θ)(1 + θ|x|) .

Denoting the coordinates associated with block ` as I`, define matrix Di,`

[resp. Di,−`] constructed by picking the columns of Di that belong [resp.
do not belong] to I`. Then, the following functions are two alternative valid
surrogate functions.
− Partial linearization: Since fi is convex, a first natural choice to satisfy
Assumption 4.4.7 is to keep fi unaltered while linearizing the nonconvex
part in r0, which leads to the following surrogate

f̃PLi,` (x`; x
t
(i,:)) = ‖Di,`x` + Di,−`x

t
(i,−`) − bi‖22

+
τPLi

2
‖x`−xt(i,`)‖2 −

∑

k∈I`

dr−0 ((xt(i,`))k)

dx
(x` − xt(i,`))k,

(4.57)

where we set vtik ,
dr−0 ((xt

(i,`)
)k)

dx , while x denotes a scalar variable and, e.g.,
(xt(i,`))k denotes the k-th scalar component of xt(i,`).
− Linearization: A second surrogate can be obtained linearizing also fi,
which leads to

f̃Li,`(x`; x
t
(i,:)) =

(
2D>i,`(Di − bi)

)>
(x` − xt(i,`))

+
τLi
2
‖x` − xt(i,`)‖2 −

∑

k∈I`
vtik(x` − xt(i,`))k.

(4.58)

Notice that the minimizer of f̃Li,` can be computed in closed form as

xt+1
(i,`) = PK`

(
S λη
τL
i

(
xt(i,`) −

1

τLi
(2D>i,`(Di − bi)− vti,`)

))

where vti,` , (vtik)k∈I` , Sλ(x) , sign(x) · max{|x| − λ, 0} (operations are
performed element-wise), and PK` is the Euclidean projection onto K`.

We term the two algorithm versions based on (4.57) and (4.58) Block-
SONATA-PL and Block-SONATA-L, respectively, and we test them con-
sidering the following simulation set-up. The variable dimension m is set to
be 2000, K is set to be [−10, 10]2000, and the regularization parameters are
set to λ = 0.1 and θ = 20. The network is composed of N = 50 agents, com-
municating over a fixed undirected graph G generated using an Erdős-Rényi
random having algebraic connectivity 6. The components of the ground-
truth signal x0 are i.i.d., generated according to the Normal distribution
N (0, 1). To impose sparsity on x0, we set the 80% smallest entries of x0
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to zero. Each agent i has a measurement matrix Di ∈ R400×2000 with i.i.d.
N (0, 1) distributed entries (with `2-normalized rows), and the observation
noise ni has entries i.i.d. distributed according to N (0, 0.1).

We compare the two algorithms, Block-SONATA-PL and Block-
SONATA-L, with the (sub)gradient-projection algorithm proposed in [14].
Note that there is no formal proof of convergence for such an algorithm in
the nonconvex setting. We used the following tuning for the algorithms.
The diminishing step-size is chosen as γt = γt−1(1 − µγt−1), with γ0 = 0.5
and µ = 10−5; the proximal parameter is τPLi = 3.5 and τLi = 4.5. To
evaluate the algorithmic performance we use two merit functions. The first
one measures the distance from stationarity of the weighted average of the
agents’ iterates s̄t and is given by

J t ,

∥∥∥∥s̄t − PK
(
Sηλ
(
s̄t −

( N∑
i=1
∇fi(s̄t)− r(s̄t)

)))∥∥∥∥
∞
.

Note that J t is a valid merit function: it is continuous and it is zero if and
only if its argument s̄t is a stationary point of problem (4.56). The second
merit function quantifies the consensus disagreement at each iteration, and
is defined as

Dt , max
i∈{1,...,N}

∥∥∥xt(i,:) − s̄t
∥∥∥.

The performance of Block-SONATA-PL and Block-SONATA-L for
different choices of the block dimension are reported in Figure 4.1 and Fig-
ure 4.2, respectively.
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Figure 4.1: Optimality measurement J t (solid) and consensus error Dt

(dashed) versus the number of message exchange for several choices of the
blocks’ number B of Block-SONATA-PL.
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Figure 4.2: Optimality measurement J t (solid) and consensus error Dt

(dashed) versus the number of message exchange for several choices of the
blocks’ number B of Block-SONATA-L.

To fairly compare the algorithms run for different block sizes, we plot
J t and Dt versus the average agents’ “message exchanges”, defined as t/B,
where t is the iteration counter used in the algorithm description. The figures
show that both consensus and stationarity have been achieved by Block-
SONATA-PL and Block-SONATA-L within 200 message exchanges while
the plain gradient scheme [60] using all the blocks is much slower.

Finally, Figure 4.3 shows the number of message exchanges required to
obtain J t < 10−4 versus the number of blocks B of the two algorithm in-
stances. The figure clearly shows that the overall communication cost is re-
duced by increasing the number of blocks, validating the proposed block-wise
optimization/communication strategy. Note also that Block-SONATA-
PL outperforms Block-SONATA-L. This is due to the fact that the partial
linearization scheme better preserves the (partial) convexity of the objective
function.
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Figure 4.3: Number of message exchanges required to obtain J t < 10−4

versus the number of blocks B.
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Chapter 5

Constraint-Coupled Distributed
Optimization: a Relaxation and
Duality Approach

In this chapter we consider a constraint-coupled distributed optimization
scenario in which agents of a network want to minimize the sum of lo-
cal convex cost functions, each one depending on a local variable, subject
to convex local and coupling constraints, with the latter involving all the
decision variables. We propose a novel distributed algorithm based on a re-
laxation of the primal problem and an elegant exploration of duality theory.
Then, we corroborate the theoretical results by showing how the methodol-
ogy applies to an instance of a Distributed Model Predictive Control scheme
in a microgrid control scenario and to an instance of peak-minimization in
Demand Side Management of smart grids. The results of this chapter are
based on [70–73].

5.1 Literature Review

We organize the relevant literature to this chapter in two parts: (i) parallel
and distributed methods for general constraint-coupled problems, and (ii)
cooperative distributed MPC schemes. Parallel methods, based on a master-
subproblem architecture, solving constraint-coupled optimization problems
trace back to late 90s [12]. Duality is a widely-used tool for parallel and
(classical) distributed optimization algorithms as shown, e.g., in the tuto-
rial [80]. Parallel augmented Lagrangian methods are proposed in [26, 39],
where a nonconvex version of the problem with linear coupling constraints
is considered.

Purely distributed approaches with no central authority, as the one we
propose in this chapter, have been also proposed for this set-up. In [20] a
cutting-plane consensus scheme is proposed in which agents iteratively ap-
proximate their local problem with linear constraints (cutting-planes) and
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exchange the active ones with their neighbors. This algorithm works under
asynchronous, directed networks, but it badly scales with the network size
since it requires the exchange of a number of constraints that depends on
the number of agents. In [25] a distributed consensus-based primal-dual
perturbation algorithm is proposed to solve a constraint-coupled optimiza-
tion problem in which a coupling term known to all the agents can also
be present. Differently from our set-up, they assume to have differentiable
costs and constraints. Paper [24] proposes a distributed ADMM algorithm
to solve problems in which the coupling constraint is linear and no local con-
straints are present. Our set-up allows for general convex coupling and local
constraints. In [91] and [34], distributed algorithms are proposed relying on
a consensus-based dual decomposition and a dual proximal minimization re-
spectively. Primal recovery mechanisms are devised in [25,34,91] in order to
recover a primal solution by suitably applying running average schemes bor-
rowed from the centralized literature, see, e.g., [63] and references therein.
Notice that the converge rate of running averages is, in general, slow. Our
methodology does not need such a mechanism to obtain a feasible solution
and appears to be much faster in the simulations we carried out. A class of
min-max optimization problems, strictly related to the same problem set-up
investigated in this chapter, are addressed in [53]. They solve the min-max
problem through a Laplacian-based saddle-point subgradient scheme and
use a totally different methodology from ours.

As for cooperative Model Predictive Control (MPC) schemes, in [95] the
dual decomposition method is combined with a penalty approach to solve
separable nonconvex optimization problems arising in MPC. A linear conver-
gence rate for a dual gradient algorithm for linearly constrained separable
convex problems is proven in [59]. In [96] an inexact dual decomposition
scheme combined with smoothing techniques is proposed. In [38] a real-
time strategy is proposed to solve parametric nonconvex programs usually
arising in nonlinear MPC using a primal-dual approach. Differently from
our framework, the above papers propose parallel algorithms where a cen-
tralized authority is needed to perform some algorithmic steps. In [36] an
algorithm based on an accelerated dual decomposition is proposed to solve
a distributed MPC problem. A sparse structure in the coupling dynamics is
assumed and exploited to obtain a distributed implementation of the algo-
rithm. Notice that in our case, we do not need such a special structure in
the constraints, while we can handle general coupling constraints that might
possibly involve all the agents in the network. In [19] a fully-distributed opti-
mization algorithm is applied to solve MPC problems with coupled outputs.
The same technique has been extended to the robust economic dispatch
problem in [49]. This approach works under asynchronous and unreliable
communication, but at each algorithmic iteration agents need to exchange
multiple predicted trajectories to agree on the entire solution vector.
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Algorithm

5.2 Relaxation and Successive Distributed Decom-
position Algorithm

In this section we formally state the problem we aim at solving and introduce
the proposed distributed algorithm along with its convergence theorem.

Consider the following optimization problem

min
x1,...,xN

N∑

i=1

fi(xi)

subj. to xi ∈ Xi, i ∈ {1, . . . , N}
N∑

i=1

gi(xi) � 0,

(5.1)

where for all i ∈ {1, . . . , N}, the set Xi ⊆ Rni with ni ∈ N, the functions
fi : Rni → R and gi : Rni → RS with S ∈ N. The symbol � (and,
consistently, for other sides) means that the inequality holds component-
wise and we denote by 0 the vector [0, . . . , 0]> ∈ RS .

Assumption 5.2.1. For all i ∈ {1, . . . , N}, each function fi is convex, and
each Xi is a non-empty, compact, convex set. Moreover, gi is a component-
wise convex function, i.e., for all s ∈ {1, . . . , S}, each component gis : Rni →
R of gi is a convex function. �

The following assumption is the well-known Slater’s constraint qualification.

Assumption 5.2.2. There exist x̄1 ∈ relint(X1), . . . , x̄N ∈ relint(XN )
such that

∑N
i=1 gi(x̄i) ≺ 0. �

These assumptions are quite standard and guarantee that problem (5.1)
admits at least an optimal solution x? = (x?1, . . . ,x

?
N ) such that its opti-

mal cost is
∑N

i=1 fi(x
?
i ) = f?. Moreover, a dual approach can be applied

since strong duality holds. It is worth mentioning that we have assumed
that

∑N
i=1 gi(xi) � 0 admits a strictly feasible point, while each constraint

gi(xi) � 0 may not.
We consider a network of N processors communicating according to a

connected and undirected graph G = ({1, . . . , N}, E), where E ⊆ {1, . . . , N}×
{1, . . . , N} is the set of edges. Edge (i, j) models the fact that node i sends
information to j. Note that, being the graph undirected, for each (i, j) ∈ E ,
then also (j, i) ∈ E . We denote by |E| the cardinality of E and by Ni the set
of neighbors of node i in G, i.e., Ni = {j ∈ {1, . . . , N} | (i, j) ∈ E}.

Each node i knows only fi, gi and Xi, and aims at estimating its portion
x?i of an optimal solution x? of (5.1) by means of local communication only.
The distributed algorithm proposed in this chapter is a strategy to achieve
this goal.
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We are now ready to to state our Relaxation and Successive Distributed
Decomposition method (RSDD).

Informally, the algorithm consists of an iterative two-step procedure.
First, each node i ∈ {1, . . . , N} stores a set of variables ((xi, ρi), µi) obtained
as a primal-dual optimal solution pair of problem (5.2), which mimics a local
version of the centralized problem (5.1). Here, the coupling with the other
nodes in the original formulation is replaced by a local term depending only
on neighboring variables λij and λji, j ∈ Ni. Moreover, this local version of
the coupling constraint is also relaxed, i.e., a positive violation ρi1 is allowed,
where we denote by 1 the vector [1, . . . , 1]> ∈ RS . Finally, the local cost
fi plus a scaled violation Mρi, M > 0, is minimized. The variables λij ,
j ∈ Ni, are updated in the second step according to a suitable linear law
that combines neighboring µi as in (5.3). Nodes use a step-size denoted
by γt and can initialize the variables λij , j ∈ Ni to arbitrary values. In
the Distributed Algorihtm 10 we formally state the distributed optimization
algorithm from the perspective of node i.

Distributed Algorithm 10 RSDD

Processor states: xi, ρi, µi and λij for j ∈ Ni
Evolution:

Gather λtji from j ∈ Ni
Compute

(
(xt+1
i , ρt+1

i ),µt+1
i

)
as a primal-dual optimal solution pair of

min
xi,ρi

fi(xi) +Mρi

subj. to ρi ≥ 0, xi ∈ Xi

gi(xi) +
∑

j∈Ni

(
λtij − λtji

)
� ρi1

(5.2)

Gather µt+1
j from j ∈ Ni

Update for all j ∈ Ni

λt+1
ij = λtij − γt

(
µt+1
i − µt+1

j

)
(5.3)

As already mentioned, each agent i aims at computing an optimal strat-
egy by means of local interaction only. The proposed distributed algorithm
is a protocol in which agents exchange only the vectors µti and λtij without
explicitly communicating the current estimates of their local decision vari-
ables, xti. This is an important, appealing feature of the RSDD distributed
algorithm since it guarantees privacy in the network.

In order to gain more intuition about the algorithmic evolution, at this
point we provide an informal interpretation, supported by Figure 5.1, of the
local optimization step in (5.2).
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Agent i, due to its partial knowledge, can only optimize with respect to
its own decision variable xi. Thus, it can solve an instance of problem (5.1)
in which all the other variables in the network have a given value xtj for
j ∈ {1, . . . , N} \ {i}. Thus, the cost function reduces to fi only. As for the
coupling constraint, it describes how the resources are allocated to all the
agents at each iteration t. In the figure, we show a possible instance of a
feasible allocation: in blue we depicted the resource assigned to agent i while
in red the resources given to all the other agents. When agent i optimizes
its local variable xi only, it can “play” with the “available resource slot”
given by −∑j 6=i gj(x

t
j). Since, at each iteration, the current allocation is

in general not optimal, this constraint might be too restrictive. In fact, it
can slow down (and even stall) the optimization process by easily leading to
infeasibility of the local problem (5.2) when ρi is set to 0. On this regard,
recall that we do not assume feasibility of every gi independently. Also, it
is worth noting that such “available resource slot” depends on the entire
network’s variables, and, thus, it is not an easily available information in
a distributed scenario. Thus, we propose a strategy in which at each iter-
ation t, each agent i replaces the term −∑j 6=i gj(x

t
j) in the coupling with∑

j∈Ni
(
λtij − λtji

)
. Notice that this term can be computed locally at each

node by communicating with neighboring agents only. Moreover, each agent
i is allowed for a violation ρi1 of the local version of the coupling constraint.
At the same time, this violation is penalized in order to encourage it to even-
tually converge to zero. This intuitive description will be rigorously derived
and proven in the following sections.

gi(x
t
i)

∑
j∈Ni

(λtij − λtji)

gi(x
t+1
i )

∑
j∈Ni

(λtij − λtji)

violation

ρt+1
i

Figure 5.1: Graphical representation of the coupling relaxation.

We are now ready to state the main result of the chapter, namely the
convergence of the RSDD distributed algorithm. We start by formalizing
the assumption that the step-size should satisfy.

Assumption 5.2.3. The sequence {γt}t≥0, with each γt ≥ 0, satisfies the

conditions
∑∞

t=0 γ
t =∞,

∑∞
t=0

(
γt
)2
<∞. �
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The convergence theorem is stated below.

Theorem 5.2.4. Let Assumption 5.2.1 and 5.2.2 hold, and let the step-size
γt satisfy Assumption 5.2.3. Moreover, letting µ? be an optimal solution
of the dual of problem (5.1), assume M > ‖µ?‖1. Consider a sequence{
xti, ρ

t
i

}
t≥0

, i ∈ {1, . . . , N}, generated by the RSDD distributed algorithm.
Then, the following holds:

1.
{∑N

i=1

(
fi(x

t
i) +Mρti

)}
t≥0

converges to the optimal cost f? of (5.1);

2. every limit point of
{
xti
}
t≥0

, i ∈ {1, . . . , N}, is a primal optimal (fea-

sible) solution of (5.1). �

The proof is given in Section 5.4.2.

Remark 5.2.5. When fi = 0 for all i ∈ {1, . . . , N}, then the RSDD al-
gorithm becomes a distributed algorithm for solving a feasibility problem,
i.e., for finding (x1, . . . ,xN ) such that xi ∈ Xi, for all i ∈ {1, . . . , N} and∑N

i=1 gi(xi) � 0. �

5.3 Algorithm Analysis: Relaxation and Duality
Tour

In this section we present a constructive derivation of our distributed al-
gorithm. The methodology relies on a proper relaxation of the original
problem and on the derivation of a sequence of equivalent dual problems.
We point out that, although based on a relaxation, the proposed algorithm
exploits such a relaxation to solve exactly the original problem formulation
in a distributed way.

5.3.1 First Duality Step and Relaxation Approach

We start our duality tour by deriving the dual problem of (5.1) and a re-
stricted version necessary for the algorithm derivation.

Let µ � 0 ∈ RS , be a Lagrange multiplier associated to the inequal-
ity constraint

∑N
i=1 gi(xi) � 0 in (5.1). Then, the partial Lagrangian1 of

problem (5.1) is given by

L1(x1, . . . ,xN ,µ) =
N∑

i=1

fi(xi) + µ>
N∑

i=1

gi(xi) =
N∑

i=1

(
fi(xi) + µ>gi(xi)

)
,

1We have a “partial Lagrangian” when we do not dualize all the constraints. Here the
local constraints xi ∈ Xi, i ∈ {1, . . . , N}, are not dualized.
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and its dual function q : RS → R is defined as

q(µ) = min
x1∈X1,...,xN∈XN

L1(x1, . . . ,xN ,µ).

The presence of compact constraints xi ∈ Xi for all i ∈ {1, ..., N}guarantees
that the domain of q is the entire RS .

The minimization with respect to xi, i ∈ {1, . . . , N}, splits over i, so the
dual problem of (5.1) can be written as

max
µ∈RS

N∑

i=1

qi(µ)

subj. to µ � 0

(5.4)

with

qi(µ) = min
xi∈Xi

(
fi(xi) + µ>gi(xi)

)
, (5.5)

for all i ∈ {1, . . . , N}.
In light of Assumptions 5.2.1 and 5.2.2, problem (5.1) is feasible and

has finite optimal cost, say f?. Moreover, the Slater’s condition holds and,
thus, the strong duality theorem for convex inequality constraints, [9, Propo-
sition 5.3.1], applies, ensuring that strong duality holds, i.e., that prob-
lems (5.1) and (5.4) have the same optimal cost f? = q?.

It is worth noting that being the optimal cost of (5.4) a finite value q?,
then it is attained at some µ? � 0, i.e., q(µ?) = q?.

Finally, we recall that, since q(µ) =
∑N

i=1 qi(µ) is the dual function
of (5.1), problem (5.4) is concave on its convex domain, which can be shown
to be the entire µ � 0.

With the dual problem at hand, several existing algorithms can be ap-
plied to directly solve (5.4) in a distributed way, see e.g., the distributed
projected subgradient [64]. However, we point out that such approaches do
not guarantee primal recovery and additional tricks must be employed to
regain it, e.g., running average mechanisms.

We propose an alternative approach that will give rise to a distributed
algorithm which overtakes these issues. Let us introduce an optimization
problem similar to (5.4), given by

max
µ∈RS

N∑

i=1

qi(µ)

subj. to µ � 0, µ>1 ≤M,

(5.6)

where M is a positive scalar and 1 = [1, . . . , 1]>. This problem is a re-
stricted version of problem (5.4). Here, in fact, an additional constraint,
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namely µ>1 ≤M , has been added to (5.4). It is worth mentioning that this
restriction makes the constraint set of (5.6) a compact set. Although this
step may seem not motivated at this point of the discussion, its necessity
will be clear from the following steps of the analysis (see also Section 5.4.3
for a dedicated discussion).

Notice that, if M is sufficiently large, the presence of the constraint
µ>1 ≤ M in (5.6) will not alter the optimal solutions of the unrestricted
problem (5.4). The next result formally establishes the relation between
problem (5.6) and problem (5.4).

Lemma 5.3.1. Let µ? be an optimal solution of problem (5.4) and M be a
positive scalar satisfying M > ‖µ?‖1. Then, problem (5.6) and problem (5.4)
have the same optimal cost, namely q? = f?. Moreover, µ? is an optimal
solution also for problem (5.6).

Proof. The constraint set {µ � 0 | µ>1 ≤ M} is a restriction of the con-
straint set µ � 0 of problem (5.4), thus the optimal cost of (5.6) is greater
than or equal to the optimal cost of (5.4). But, since by construction the
constraint set {µ � 0 | µ>1 ≤M} contains at least one optimal solution of
problem (5.4), namely µ?, then the optimal cost of problem (5.6) is q? and
is at least attained at µ?, so that the proof follows.

With the dual problem (5.4) and its restricted version (5.6) within our
reach, one may wonder about the connection between their primal coun-
terparts. Next, we show that the restricted problem (5.6) is the dual of a
relaxed version of original primal problem (5.1).

Lemma 5.3.2. The following optimization problem

min
x1,...,xN ,ρ

N∑

i=1

fi(xi) +Mρ

subj. to ρ ≥ 0, xi ∈ Xi, i ∈ {1, . . . , N}
N∑

i=1

gi(xi) � ρ1

(5.7)

is the dual of problem (5.6). Moreover, strong duality holds, so that it has
optimal cost f?.

Proof. We show that problem (5.6) is the dual of (5.7). Clearly the vice-
versa holds because the cost function is (convex and) closed [9, Chapter 5].
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Consider the (partial) Lagrangian of (5.7) given by

L2(x1, . . . ,xN , ρ,µ) =

N∑

i=1

fi(xi) +Mρ+ µ>
( N∑

i=1

gi(xi)− ρ1
)

=
N∑

i=1

(
fi(xi) + µ>gi(xi)

)
+ ρ
(
M − µ>1

)
.

Then, the dual function is

qR(µ) = min
x1∈X1,...,xN∈XN ,ρ≥0

L2(x1, . . . ,xN , ρ,µ)

=





N∑

i=1

min
xi∈Xi

(
fi(xi) + µ>gi(xi)

)
ifM−µ>1 ≥ 0

−∞ otherwise

=





N∑

i=1

qi(µ) ifM−µ>1 ≥ 0

−∞ otherwise,

where each qi(µ) is the same defined in (5.5). The maximization of the
dual function qR(µ) on its domain turns out to be the maximization of∑N

i=1 qi(µ) over {µ � 0 | µ>1 ≤M}, which is problem (5.6), and the proof
follows.

Notice that problem (5.7) is a relaxation of problem (5.1) since we allow
for a positive violation of the coupling constraint. At the same time, the
violation ρ is penalized with a scaling factor M in order to discourage it.
The variable ρ resembles the ρi introduced in the distributed algorithm.
However, as it will be clear from the forthcoming analysis, ρi is not a local
estimate of ρ, but it rather represents the local contribution of agent i to
the common violation ρ.

The following result characterizes how the original primal problem (5.1)
and its relaxed version (5.7) are related.

Proposition 5.3.3. Let M be such that M > ‖µ?‖1 with µ? an optimal
solution of the dual of problem (5.1). The optimal solutions of the relaxed
problem (5.7) are in the form (x?1, . . . ,x

?
N , 0), where (x?1, . . . ,x

?
N ) is an op-

timal solution of (5.1), i.e., solutions of (5.7) must have ρ? = 0.

Proof. To prove the statement we first notice that problem (5.7) is the epi-
graph formulation of

min
x1,...,xN

N∑

i=1

fi(xi) +M max
{

0,

N∑

i=1

gi1(xi), . . . ,

N∑

i=1

giS(xi)
}

subj. to xi ∈ Xi, i ∈ {1, . . . , N}.
(5.8)
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where gis denotes the s-th component of gi. Problems (5.1) and (5.8) enjoy
the same structure as the ones considered in Proposition A.3.1. By Assump-
tion 5.2.2, problem (5.7) (and thus (5.8)) satisfies the assumptions for strong
duality, thus we can invoke Proposition A.3.1, with c = M , to conclude that
problems (5.1) and (5.8) have the same optimal solutions, thus completing
the proof.

Remark 5.3.4 (Alternative restrictions). Other choices for the restriction
of the domain µ � 0 of (5.4) can be considered. For instance, one can
consider upper bounds in the form µ �M1 or µ � [M1, . . . ,MS ]>. As one
might expect, the specific constraint restriction gives rise to different forms
of the relaxed primal problem (5.7). �

5.3.2 Second Dual Problem Derivation

At this point, we continue our duality tour in order to design an algorithm
that solves problem (5.6) instead of the unrestricted dual problem (5.4).

In order to make problem (5.6) amenable for a distributed solution, we
enforce a sparsity structure that matches the network. To this end, we
introduce copies of the common optimization variable µ and we copy also
its domain. Moreover, we enforce coherence constraints among the copies
µi having the sparsity of the connected graph G, thus obtaining

max
µ1,...,µN

N∑

i=1

qi(µi)

subj. to µi � 0,µ>i 1 ≤M, i ∈ {1, . . . , N}

µi = µj , (i, j) ∈ E .

(5.9)

Being problem (5.9) an equivalent version of problem (5.6), it has the same
optimal cost q? = f?.

In order to solve problem (5.9), we would like to use a dual decomposition
approach with the aim of obtaining a distributed algorithm. That is, the
leading idea is to derive the dual of problem (5.9) and apply a subgradient
method to solve it.

We start deriving the dual problem of (5.9) by dualizing only the coher-
ence constraints. Thus, we write the partial Lagrangian

L3(µ1, . . . ,µN ,Λ)=
N∑

i=1

(
qi(µi)+

∑

j∈Ni
λ>ij(µi − µj)

)
, (5.10)

where Λ ∈ RS·|E| is the vector stacking each Lagrange multiplier λij ∈ RS ,
with (i, j) ∈ E , associated to the constraint µi − µj = 0. Notice that here

we did not dualize the constraints {µi � 0 | µ>i 1 ≤M}, since they are local
for the agents.
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Since the communication graph G is undirected, we can exploit the sym-
metry of the constraints. In fact, for each (i, j) ∈ E we also have (j, i) ∈ E ,
and, expanding all the terms in (5.10), for given i and j, we always have
both the terms λ>ij(µi − µj) and λ>ji(µj − µi). Thus, after some simple
algebraic manipulations, we can rephrase (5.10) as

L3(µ1, . . . ,µN ,Λ) =
N∑

i=1

(
qi(µi) + µ>i

∑

j∈Ni
(λij − λji)

)
,

which is separable with respect to µi, i ∈ {1, . . . , N}. Thus, the dual func-
tion is

η(Λ)= sup
µi�0,µ>i 1≤M,∀ i∈{1,...,N}

L3(µ1, . . . ,µN ,Λ)

=
N∑

i=1

ηi
(
{λij ,λji}j∈Ni

)
,

(5.11)

where, for all i ∈ {1, . . . , N},

ηi
(
{λij ,λji}j∈Ni

)
= sup
µi�0,µ>i 1≤M

(
qi(µi)+µ>i

∑

j∈Ni
(λij−λji)

)
. (5.12)

Finally, by denoting the domain of η as

Dη =
{

Λ ∈ RS·|E| | η(Λ) < +∞
}
,

the dual of problem (5.9) is

min
Λ∈Dη

η(Λ) = min
Λ∈Dη

N∑

i=1

ηi
(
{λij ,λji}j∈Ni

)
. (5.13)

Since problem (5.13) is the dual of a concave program, then it is a convex
(constrained) problem. Moreover, its cost function η(Λ) is very structured
since it is a sum of contributions ηi and each of them depends only on
neighboring variables.

In the next lemma we characterize the domain of problem (5.13).

Lemma 5.3.5. The domain Dη of η in (5.11) is RS·|E|. Thus optimization
problem (5.13) is unconstrained.

Proof. We show that each ηi
(
{λij ,λji}j∈Ni

)
is finite for all {λij ,λji}j∈Ni .

Each function qi(µi) is concave on its domain µi � 0 for all i ∈ {1, . . . , N}.
In fact, from the definition of qi in (5.5), we notice that it is obtained as
the minimization over a nonempty compact set Xi of the function fi(xi) +
µ>i gi(xi). Such a function is concave (in fact linear) in µi, thus, following
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the proof of [9, Proposition 5.1.2], we can conclude that every qi is concave
over its convex domain µi � 0. For each i ∈ {1, . . . , N}, the function ηi as
defined in (5.12) is obtained by maximizing a (concave) continuous function
(qi plus a linear term) over a compact set (containing the domain of qi,
namely µi � 0), and thus it is always finite, so that the proof follows.

Remark 5.3.6. Although it represents a minor aspect, we notice that qi
may be seen as the dual function of

min
xi

fi(xi)

subj. to xi ∈ Xi,

gi(xi) � 0,

which might be not even feasible since we do not assume any condition on
the feasibility of gi(xi) � 0. Infeasibility of this problem does not affect the
structure of Dη. �

It is worth noting that Lemma 5.3.5 strongly relies on the compactness
of {µi � 0 | µ>i 1 ≤ M}. This means that, without the primal relaxation,
Dη is not guaranteed to be RS·|E|. In Section 5.4.3, we better clarify this
aspect.

In the following we characterize the optimization problem (5.13).

Lemma 5.3.7. Let M be such that M > ‖µ?‖1 with µ? an optimal solution
of the dual of problem (5.1). Then, problem (5.13), which is the dual of
problem (5.9), has a bounded optimal cost, call it η?, and strong duality
holds. Moreover,

η? = f?,

with f? the optimal solution of the original primal problem (5.1).

Proof. By Lemma 5.3.1 (5.9) is equivalent to (5.4) and has finite optimal
cost equal to q?. Since each qi(µi) is concave with respect to its variable
µi, as shown in the proof of Lemma 5.3.5, then also

∑N
i=1 qi(µi) is concave

with respect to (µ1, . . . ,µN ). Thus, since the domain {(µ1, . . . ,µN ) | µi �
0 | µ>i 1 ≤ M, i ∈ {1, . . . , N}}, is polyhedral, by [11, Theorem 6.4.2] strong
duality between problem (5.9) and its dual (5.13) holds. Thus, η? = q? is
bounded. The second statement follows by strong duality between prob-
lems (5.1) and (5.4), which concludes the proof.

5.3.3 Distributed Subgradient Method

We detail in this subsection how to explicitly design a distributed dual de-
composition algorithm to solve problem (5.6) based on a subgradient itera-
tion applied to problem (5.13).
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Exploiting the separability of η in (5.11), we recall how to compute
each component of a subgradient of η at a given Λ ∈ RS·|E|, see e.g., [11,
Section 8.1]. That is, it holds

∂̃η(Λ)

∂λij
= µ?i − µ?j , (5.14)

where ∂̃η(·)
∂λij

denotes the component associated to the variable λij of a sub-

gradient of η, and

µ?k ∈ argmax
µk�0,µ>k 1≤M

(
qk(µk) + µ>k

∑

h∈Nk
(λkh − λhk)

)
, (5.15)

for k = i, j.
Having recalled how to compute subgradients of η, we are ready to sum-

marize how the subgradient method reads when applied to problem (5.13).
At each iteration t, each node i ∈ {1, . . . , N}:

(S1) receives λtji, j ∈ Ni, and computes a subgradient µt+1
i by solving

max
µi�0,µ>i 1≤M

(
qi(µi) + µ>i

∑

j∈Ni
(λtij − λtji)

)
; (5.16)

(S2) receives the updated µt+1
j , j ∈ Ni and updates λij , j ∈ Ni, via

λt+1
ij = λtij − γt(µt+1

i − µt+1
j ),

where γt is the step-size.

Notice that (S1)–(S2) is a distributed algorithm, i.e., it can be imple-
mented by means of local computation and communication steps without
any centralized stage. However, we want to stress that the algorithm is
not implementable as it is written, since functions qi are still not explicitly
available.

The next lemma gives a condition on the subgradient of the convex cost
function η.

Lemma 5.3.8. For every Λt ∈ RS·|E| with components λtij ∈ RS, ∀ (i, j) ∈
E, any subgradient of the function η at Λt is bounded.

Proof. To prove the lemma, we show that each component ∂̃η(Λt)
∂λij

of ∂̃η(Λt)
∂Λ

is bounded. Using (5.14), this is equivalent to showing that µ?i
t and µ?j

t are
bounded and, hence, their difference. Since, from equation (5.15) the two
are obtained as maxima of a concave function over a compact domain, they
are always finite for all Λt, so that the proof follows.

The above lemma shows that argmax in (5.15) is well posed.
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5.4 Algorithm Analysis: Convergence Proof

This section is devoted to proving the convergence result, formally stated in
Theorem 5.2.4, of the RSDD distributed algorithm.

5.4.1 Preparatory Results

In this subsection we give two intermediate results that represent building
blocks for the convergence proof given in Section 5.4.2. The next lemma is
instrumental to the second one.

Lemma 5.4.1. Consider the optimization problem

max
µi

fi(xi) + µ>i
(
gi(xi) +

∑

j∈Ni
(λtij − λtji)

)

subj. to µi � 0,µ>i 1 ≤M,

(5.17)

with given xi, λ
t
ij and λtji, j ∈ Ni, and M > 0. Then, its dual problem is

min
ρi

fi(xi) +Mρi

subj. to ρi ≥ 0

gi(xi) +
∑

j∈Ni
(λtij − λtji) � ρi1,

(5.18)

and strong duality holds.

Proof. First, since xi, λ
t
ij and λtji are given, problem (5.17) is a feasible

linear program (the box constraint is nonempty) with compact domain.
Thus, both problem (5.17) and its dual have finite optimal cost and strong
duality holds.

In order to show that (5.18) is the dual of (5.17), we introduce a mul-
tiplier ρi ≥ 0 associated to the constraint M − µ>i 1 ≥ 0, and we write the
partial Lagrangian of (5.17)

L4(µi, ρi) = fi(xi) + µ>i
(
gi(xi) +

∑

j∈Ni
(λtij − λtji)

)
+ ρi

(
M − µ>i 1

)
.

Then, we can rearrange the terms to obtain

L4(µi, ρi) = fi(xi) +Mρi + µ>i
(
gi(xi) +

∑

j∈Ni
(λtij − λtji)− ρi1

)
.

The dual function maxµi�0 L4(µi, ρi) is equal to fi(xi) + Mρi if gi(xi) +∑
j∈Ni(λ

t
ij−λtji)−ρi1 � 0 and +∞ otherwise. Finally, the minimization of

the dual function on its domain with respect to ρi ≥ 0 gives problem (5.18)
and concludes the proof.
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In the following, we propose a technique to make step (5.16) explicit. By
plugging in (5.16) the definition of qi, given in (5.5), the following max-min
optimization problem is obtained:

max
µi�0,µ>i 1≤M

min
xi∈Xi

(
fi(xi)+µ>i

(
gi(xi)+

∑

j∈Ni
(λtij−λtji)

))
. (5.19)

The next lemma allows us to recast problem (5.19) in terms of the primal-
dual optimal solution pair of a suitable optimization problem involving only
decision variables of each node i.

Lemma 5.4.2. Consider the optimization problem

min
xi,ρi

fi(xi) +Mρi

subj. to ρi ≥ 0, xi ∈ Xi

gi(xi) +
∑

j∈Ni

(
λtij − λtji

)
� ρi1.

(5.20)

A finite primal-dual optimal solution pair of (5.20), call it
(
(xt+1
i , ρt+1

i ),µt+1
i

)
,

does exist and (xt+1
i ,µt+1

i ) is a solution of (5.19).

Proof. Problem (5.20) is a feasible convex program, in fact fi(xi) +Mρi is
convex, the set Xi is nonempty, convex and compact, the constraint ρi ≥ 0
is convex as well as the inequality constraint gi(xi) +

∑
j∈Ni

(
λtij − λtji

)
−

ρi1 � 0). Then, by choosing a sufficiently large ρi, we can show that the
Slater’s constraint qualification is satisfied and, thus, strong duality holds.
Therefore, a primal-dual optimal solution pair (xt+1

i , ρt+1
i ,µt+1

i ) of (5.20)
exists. Moreover, problem (5.20) can be recast as

min
xi∈Xi

(
min

ρi≥0, gi(xi)+
∑
j∈Ni

(λtij−λtji)�ρi1
fi(xi) +Mρi

)
.

By Lemma 5.4.1, we can substitute the inner minimization with its equiv-
alent dual maximization obtaining

min
xi∈Xi

max
µi�0,µ>i 1≤M

(
fi(xi)+µ>i

(
gi(xi)+

∑

j∈Ni
(λtij−λtji)

))
. (5.21)

Let φ(xi,µi)=fi(xi)+µ
>
i

(
gi(xi)+

∑
j∈Ni(λ

t
ij−λtji)

)
and observe that (i)

φ(·,µi) is closed and convex for all µi � 0 (affine transformation of a convex
function with compact domain Xi) and (ii) φ(xi, ·) is closed and concave
since it is a linear function with compact domain ({µi � 0 | µ>i 1 ≤ M}),
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for all xi ∈ RS . Thus, we can invoke Proposition A.1.2 to switch min and
max operators in (5.21), and write

min
xi∈Xi

max
µi�0,µ>i 1≤M

(
fi(xi) + µ>i

(
gi(xi) +

∑

j∈Ni
(λtij − λtji)

))

= max
µi�0,µ>i 1≤M

min
xi∈Xi

(
fi(xi) + µ>i

(
gi(xi) +

∑

j∈Ni
(λtij − λtji)

))
.

(5.22)

which is (5.19), thus concluding the proof.

We highlight that problem (5.20) is the local optimization step (5.2) in
RSDD distributed algorithm.

Finally, the next corollary makes a connection between the optimal cost
of the i-th problem (5.20) and the value of the i-th local term ηi (defined in
(5.12)) in the second dual function η (defined in (5.11)).

Corollary 5.4.3. Let (xt+1
i , ρt+1

i ) be a solution of (5.20) with given λtij and

λtij for j ∈ Ni. Then

ηi
(
{λtij ,λtji}j∈Ni

)
= fi(x

t+1
i ) +Mρt+1

i , (5.23)

with ηi defined in (5.12).

Proof. In the proof of Lemma 5.4.2, we have shown that condition (5.22)
holds for all t ≥ 0. Its left hand side has optimal cost fi(xi

t+1)+Mρt+1
i , while

the one of the right hand side is exactly the definition of ηi
(
{λtij ,λtji}j∈Ni

)

in (5.12). Thus, equation (5.22) can be rewritten as

fi(x
t+1
i ) +Mρt+1

i = ηi
(
{λtij ,λtji}j∈Ni

)
,

for all i ∈ {1, . . . , N}, concluding the proof.

5.4.2 Proof of the Convergence Theorem

To prove statement (i) of the theorem, we show that the RSDD distributed
algorithm is an operative way to implement the subgradient method (S1)–
(S2) and, that (S1)–(S2) solves problem (5.6).

First, for each i ∈ {1, . . . , N}, we let {µti}t≥0 and {λtij}t≥0, j ∈ Ni, be the
auxiliary sequences defined in the RSDD distributed algorithm associated to
{(xti, ρti)}t≥0. From Lemma 5.4.2, at each iteration t a primal-dual optimal
solution pair

(
(xti, ρ

t
i),µ

t
i

)
of (5.2) in fact exists, so that the algorithm is

well-posed.

Second, to show that RSDD implements (S1)–(S2) we notice that up-
date (5.3) and (S2) are trivially identical. As for (S1), we have shown that
equation (5.19) is an explicit expression for (5.16) in (S1). Thus, by invoking
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Lemma 5.4.2, we can conclude that finding the dual part of a primal-dual
optimal solution pair of (5.2) corresponds to performing (S1). Therefore,
the sequences {λtij}t≥0, (i, j) ∈ E generated by RSDD and by (S1)–(S2)
coincide.

Third, we show that RSDD solves problem (5.13). By Lemma 5.3.8 the
subgradients of η are bounded at each {λtij}t≥0, (i, j) ∈ E . Moreover, since
the step-size γt satisfies Assumption 5.2.3, we can invoke Proposition A.2.1
to conclude that the sequence {λtij}t≥0, (i, j) ∈ E generated by RSDD (or
equivalently by (S1)–(S2)) converges in objective value to the optimal cost
η? of (5.13). To complete the convergence in objective value, we use (5.23)
in Corollary 5.4.3 and take the limit as t→∞, thus obtaining

lim
t→∞

N∑

i=1

(
fi(x

t+1
i ) +Mρt+1

i

)
= lim

t→∞

N∑

i=1

ηi({λtij ,λtji}j∈Ni) = η? = f?,

where the last equality follows by Lemma 5.3.7, so that the proof of the first
statement is complete.

To prove statement (ii) of the theorem, i.e., the primal recovery prop-
erty, we start by studying the properties of (xt1, . . . ,x

t
N , ρ

t
1, . . . , ρ

t
N ). By

construction, for all t ≥ 0 each pair (xti, ρ
t
i) satisfies xti ∈ Xi, ρ

t
i ≥ 0 and

gi(x
t
i) +

∑

j∈Ni

(
λtij − λtji

)
� ρti1. (5.24)

Thus, by summing (5.24) over i ∈ {1, . . . , N}, it follows

N∑

i=1

gi(x
t
i) +

N∑

i=1

∑

j∈Ni

(
λtij − λtji

)
�

N∑

i=1

ρti1, (5.25)

for all t ≥ 0. Let us denote by aij the (i, j)-th entry of the adjacency matrix
associated to the undirected graph G. Then, we can write

N∑

i=1

∑

j∈Ni
(λtij − λtji)

(a)
=

N∑

i=1

N∑

j=1

aij(λ
t
ij − λtji)

=

N∑

i=1

N∑

j=1

aijλ
t
ij −

N∑

i=1

N∑

j=1

aijλ
t
ji

(b)
= 0,

where (a) follows by writing the sum over neighboring agents in terms of the
adjacency matrix, while (b) holds since G is undirected (so that aij = aji
for all (i, j) ∈ E), which implies that the two summations in the second line
are identical for all t ≥ 0. Hence, (5.25) reduces to

N∑

i=1

gi(x
t
i) �

N∑

i=1

ρti1, (5.26)

123



Chapter 5. Constraint-Coupled Distributed Optimization:

a Relaxation and Duality Approach

for all t ≥ 0.

Equation (5.26) shows that for all t ≥ 0 the vector

(xt1, . . . ,x
t
N , ρ

t
1, . . . , ρ

t
N )

is feasible for the following optimization problem

min
x1,...,xN
ρ1,...,ρN

N∑

i=1

fi(xi) +M

N∑

i=1

ρi

subj. to ρi ≥ 0, xi ∈ Xi, i ∈ {1, . . . , N}
N∑

i=1

gi(xi) �
N∑

i=1

ρi1.

(5.27)

Notice that problem (5.27) is equivalent to problem (5.7) by simply defining
ρ =

∑N
i=1 ρi. Thus, at each iteration t the vector (xt1, . . . ,x

t
N ,
∑N

i=1 ρ
t
i) is

feasible for problem (5.7).

We now show that every limit point of the sequence {xt1, . . . ,xtN ,
∑N

i=1 ρ
t
i}t≥0

is feasible, other than optimal, for problem (5.7). By construction, each
xti ∈ Xi for all i ∈ {1, . . . , N}, so that {xti}t≥0 is bounded. Moreover,
from the first statement of the theorem, also the sequence {∑N

i=1 ρ
t
i}t≥0

is bounded since {∑N
i=1 fi(x

t
i) + M

∑N
i=1 ρ

t
i}t≥0 converges to a finite value

f?. Since the sequence of vectors {(xt1, . . . ,xtN ,
∑N

i=1 ρ
t
i)}t≥0 is bounded,

then there exists a sub-sequence of indices {tn}n≥0 ⊆ {t}t≥0 such that
the sub-sequence {(xtn1 , . . . ,xtnN ,

∑N
i=1 ρ

tn
i )}n≥0 converges to a limit point

(x̄1, . . . , x̄N , ρ̄). From the first statement of the theorem we have that
(x̄1, . . . , x̄N , ρ̄) satisfies

N∑

i=1

fi(x̄i) +Mρ̄ = f?.

Moreover, since each component of gi is a (finite) convex function over Rni ,
it is also continuous over any compact subset of Rni . Thus, by taking the
limit as n→∞ in (5.26) with t = tn, it also holds

N∑

i=1

gi(x̄i) � ρ̄1. (5.28)

By Proposition 5.3.3 it must hold that (x̄1, . . . , x̄N , ρ̄) = (x̄1, . . . , x̄N , 0),
i.e., ρ̄ = 0. Thus, (5.28) holds with ρ̄ = 0 and, thus, this guarantees that
every limit point of (xt1, . . . ,x

t
N ) is feasible for the (non-relaxed) coupling

constraint in the original problem (5.1) and thus optimal for that problem.
So that the proof follows.
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5.4.3 Discussion on the Necessity of the Relaxation

We briefly summarize why the dual restriction, and thus its primal re-
laxation counterpart, is needed. Suppose we do not restrict the original
dual problem (5.4), but we still apply the same formal derivation given
in the previous sections. Then, the counterpart of (5.11) is ηNR(Λ) =∑N

i=1 η
NR
i

(
{λij ,λji}j∈Ni

)
with

ηNRi
(
{λij ,λji}j∈Ni

)
= sup

µi�0

(
qi(µi) + µ>i

∑

j∈Ni
(λij−λji)

)
,

for all i ∈ {1, . . . , N}. Finally, by denoting the domain of ηNR as DNR
η , we

have that the counterpart of problem (5.13) is minΛ∈DNR
Λ
ηNR(Λ).

We notice that the latter problem is a constrained minimization since,
differently from the relaxed case, the domain DNR

η does not always coin-

cide with the entire space RS·|E| (Cf. Lemma 5.3.5). Thus, to apply the
subgradient method we need to adapt (S1)–(S2) by adding a projection
step Λt+1 =

[
Λ̃t+1

]
DNR
η

, where λ̃t+1
ij is the result of (S2) and [ · ]DNR

η
denotes

the Euclidean projection onto DNR
η . Notice that the projection onto DNR

η

of the entire Λ̃t+1 prevents the distributed implementation. The projec-
tion is also needed because otherwise there would be no guarantees about
the boundedness of subgradients of ηNR (differently from the relaxed case,
see Lemma 5.3.8). Analogously, being the set {µi ∈ RS | µi � 0} not
compact, then Lemma 5.4.2 would not hold. The theoretical issue is that
switching min and max operators in (5.22) may not be possible due to the
non-compact domains (Cf. Proposition A.1.2). In fact, the minimization
in (5.20) (which is equation (5.2) in the algorithm) without relaxation (i.e.,
setting ρi = 0) may lead to an unfeasible problem due to the constraint
gi(xi) +

∑
j∈Ni(λ

t
ij−λtji) � 0 (recall that we assumed only the feasibility of∑N

i=1 gi(xi) � 0).

5.5 Application to Distributed Model Predictive
Control

In this section we present a computational study of our RSDD distributed
algorithm tailored to an instance of a distributed MPC scheme for microgrid
control. Most existing control strategies use a centralized approach, see, e.g.,
[104]. However, for several reasons, distributed control strategies, that do
not require to collect all data at a central coordinator, are highly desirable.

A microgrid consists of several generators, controllable loads, storage
devices and a connection to the main grid. In the following, we use the
notational convention that energy generation corresponds to positive vari-
ables, while energy consumption corresponds to negative variables. In the
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following subsection, we specify a model for each component and set-up the
optimization problem we aim at solving distributedly.

5.5.1 Microgrid Model

Generators are collected in the set GEN. At each time instant τ in a given
horizon [0, T ], they generate power, denoted by pτgen,i, that must satisfy
magnitude and rate bounds, i.e., for given positive scalars

¯
p, p̄,

¯
r and r̄, it

must hold, for all i ∈ GEN,
¯
p ≤ pτgen,i ≤ p̄, with τ ∈ [0, T ], and

¯
r ≤ pτ+1

gen,i −
pτgen,i ≤ r̄, with τ ∈ [0, T − 1]. The cost to produce power by a generator is

modeled as a quadratic function f τgen,i = α1p
τ
gen,i + α2(pτgen,i)

2 with α1 and
α2 positive scalars. Storage devices are collected in STOR and their power is
denoted by pτstor,i and satisfies bounds and a dynamical constraint given by

−dstor ≤ pτstor,i ≤ cstor, τ ∈ [0, T ], qτ+1
stor,i = qτstor,i + pτstor,i, τ ∈ [0, T − 1],

and 0 ≤ qτstor,i ≤ qmax, τ ∈ [0, T ], where the initial capacity q0
stor,i is given

and dstor, cstor and qmax are positive scalars. There are no costs associated
to the stored power. Controllable loads are collected in CONL and their
power is denoted by pτconl,i. A desired load profile pτdes,i for pτconl,i is given
and the controllable load incurs in a cost f τconl,i = βmax{0, pτdes,i − pτconl,i},
β ≥ 0, if the desired load is not satisfied. Finally, the device i = N is
the connection node with the main grid; its power is denoted as pτtr and
must satisfy |pτtr| ≤ E, τ ∈ [0, T ]. The power trading cost is modeled as
f τtr = −c1p

τ
tr + c2|pτtr|, with c1 and c2 positive scalars corresponding to the

price and a general transaction cost respectively.
The power network must satisfy a given power demand Dτ modeled by

a coupling constraint among the units

∑

i∈GEN
pτgen,i +

∑

i∈STOR
pτstor,i +

∑

i∈CONL
pτconl,i +pτtr −Dτ= 0,

for all τ ∈ [0, T ]. Reasonably, we assume Dτ to be known only by the
connection node tr.

5.5.2 Numerical Results

We consider a heterogeneous network of N = 10 units with 4 generators, 3
storage devices, 2 controllable loads and 1 connection to the main grid. We
assume that in the distributed MPC scheme each unit predicts its power
generation strategy over a horizon of T = 12 slots. In order to fit the micro-
grid control problem in our set-up, we let each xi be the whole trajectory
over the prediction horizon [0, T ], e.g., xi =

[
p0
gen,i, . . . , p

T
gen,i

]>, for all the
generators i ∈ GEN and, consistently, for the other device types. As for the
cost functions we define fi(xi) =

∑T
τ=0 f

τ
gen,i(p

τ
gen,i) for i ∈ GEN and, consis-

tently, for the other device types. The local Xi are given by the constraint
described above for each unit type.
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In Figure 5.2 we show the algorithmic evolution of the sum of the penalty
parameters ρti and the maximum violation of the coupling constraint at
each iteration t. The

∑N
i=1 ρ

t
i asymptotically goes to zero as claimed in

Theorem 5.2.4. In this particular instance we also notice that, after the
very first iterations, the generated points are strictly feasible for the coupling
constraints and in the limit they hit the boundary. However, we point out
that strict feasibility of the coupling constraints is obtained even if

∑N
i=1 ρ

t
i

becomes zero only asymptotically.
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Figure 5.2: Evolution of maxs∈{1,...,S}
∑N

i=1 gis(x
t
i) (red) and

∑N
i=1 ρ

t
i (blue).

In Figure 5.3 we show how
∑

j∈Ni(λ
t
ij−λtji) compares with the unknown

part of the coupling constraints of each agent i, namely
∑

j 6=i gj(x
t
j). The

picture highlights that
∑

j∈Ni(λ
t
ij − λtji) actually “tracks” the contribution

in the coupling constraint due to all the other agents in the network ob-
tained by means of neighboring information only. Specifically only the most
informative value for the coupling is estimated with this procedure, i.e., the
maximum component of the vector

∑
j 6=i gj(x

t
j).
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Figure 5.3: Evolution of the “constraint tracking” error of the coupling
constraint for all i ∈ {1, . . . , N}.
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Remark 5.5.1. Since the value of
∑

j∈Ni(λ
t
ij −λtji) is tracking the missing

part of the coupling constraint due to all the other agents, it is reasonable to
use it as a local measure about the (global) feasibility of the current solution
estimate. Roughly speaking, when

∑
j∈Ni(λ

t
ij−λtji) converges to a stationary

value, agents can consider their current solution estimates feasible for the
coupling constraint, and declare their optimization process completed. �

Finally, in Figure 5.4 the convergence rate of the distributed algorithm
is shown, i.e., the difference between the centralized optimal cost η? = f?

and the sum of the local costs
∑N

i=1(fi(x
t
i) + Mρti), in logarithmic scale.

It can be seen that the proposed algorithm converges in a nonmonotonic
fashion to the optimal cost with a sublinear rate O(1/

√
t) as expected for a

subgradient method.
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Figure 5.4: Evolution of the cost error
∣∣ N∑
i=1

(fi(x
t
i)+Mρti)−f?

∣∣ in logarithmic

scale.

5.6 Peak-Minimization Problem

In this section we consider a constraint-coupled set-up arising in Demand
Side Management (DSM) applications that have been described in Sec-
tion 1.5.2.

The duality-based methodology described in the previous sections applies
also to the peak minimization set-up and in the following we adapt the
Relaxation and Successive Distributed Decomposition to such a scenario.

We consider a network of N processors that want to solve a peak-
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minimization problem

min
x1,...,xN ,P

P

subj. to xi ∈ Xi, i ∈ {1, . . . , N},
N∑

i=1

gi,s(xi,s) ≤ P, s ∈ {1, . . . , S},
(5.29)

where, for all i ∈ {1, . . . , N}, each constraint set Xi ⊆ RS is nonempty,
convex and compact, and the functions gi,s : R → R, s ∈ {1, . . . , S}, are
convex.

5.6.1 Distributed Peak Minimization via Duality Tour

In this subsection we sketch how to derive a distributed algorithm for solv-
ing the peak-minimization problem (5.29) using the same methodology de-
scribed in Section 5.3.

We start by writing the dual problem of (5.29). Let µ = [µ1, . . . , µS ]> ∈
RS , then the partial Lagrangian of (5.29) is given by

L1(x1, . . . ,xN , P,µ) = P +
S∑

s=1

µs

( N∑

i=1

gi,s(xi,s)− P
)

= P
(

1−
S∑

s=1

µs

)
+

N∑

i=1

S∑

s=1

µsgi,s(xi,s).

The dual function q : RS → R is defined as

q(µ) := min
x1∈X1,...,xN∈XN ,P

L1(x1, . . . ,xN , P,µ),

where the presence of the local constraints xi ∈ Xi for all i ∈ {1, . . . , N} is
due to the fact that we did not dualize them. The minimization of L1 with
respect to P gives rise to the simplex constraint {µ ∈ RS | 1>µ = 1} on
the dual problem, while the minimization with respect to xi, i ∈ {1, . . . , N},
splits over i. Thus, the dual problem can be written as

max
µ∈RS

N∑

i=1

qi(µ)

subj. to 1>µ = 1, µ � 0,

(5.30)

with 1 := [1, . . . , 1]> ∈ RS , 0 := [0, . . . , 0]> ∈ RS and

qi(µ) = min
xi∈Xi

S∑

s=1

µsgi,s(xi,s), i ∈ {1, . . . , N}.
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Differently from problem (5.4), problem (5.30) has a compact domain
{µ ∈ RS | 1>µ = 1, µ � 0}. This, is a key feature which simplifies the
application of the duality tour methodology. In fact, by introducing copies
of µ and the consistency constraints among them, we can write

max
µ∈RS

N∑

i=1

qi(µi)

subj. to 1>µi = 1, µi � 0, i ∈ {1, . . . , N},
µi = µj (i, j) ∈ E ,

(5.31)

where we have also added redundant local simplex constraints on each copy.
Finally, to complete the tour we write the dual of problem (5.31) which is
given by

min
Λ∈RS·|E|

N∑

i=1

ηi
(
{λij ,λji}j∈Ni

)
. (5.32)

where each λij ∈ RS is the Lagrange multiplier associated to the constraint
µi = µj and

ηi = max
1>µi=1,µi�0

(
qi(µi) + µ>i

∑

j∈Ni
(λij − λji)

)
,

for all i ∈ {1, . . . , N}.
Retracing the same line of proof carried out in the previous sections, a

subgradient method applied to problem (5.32) turns out to be a distributed
optimization algorithm. Informally, the algorithm consists of a two-step
iterative procedure. First, each node i ∈ {1, . . . , N} stores a set of vari-
ables ((xi, ρi), µi) obtained as a primal-dual optimal solution pair of a local
optimization problem with an epigraph structure as the centralized prob-
lem (5.29). The coupling with the other nodes in the original formulation is
replaced by a term depending on neighboring variables λij , j ∈ Ni. These
variables are updated in the second step according to a suitable linear law
weighting the difference of neighboring µi. Nodes use a diminishing step-
size denoted by γt and can initialize the variables λij , j ∈ Ni, to arbitrary
values. In the Distributed Algorithm 11 we formally state the Distributed
Duality-Based Peak Minimization algorithm from the perspective of node i.
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Distributed Algorithm 11 DDPM

Processor states: (xi, ρi), µi and λij for j ∈ Ni
Evolution:

Gather λtji from j ∈ Ni
Compute

(
(xt+1
i , ρt+1

i ),µt+1
i

)
as a primal-dual optimal solution pair of

min
xi,ρi

ρi

subj. to xi ∈ Xi

gi,s(xi,s) +
∑

j∈Ni

(
λtij − λtji

)
s
≤ ρi, s ∈ {1, . . . , S}

(5.33)

Gather µt+1
j from j ∈ Ni

Update for all j ∈ Ni

λt+1
ij = λtij − γt

(
µt+1
i − µt+1

j

)
(5.34)

We are now ready to state a converge result, namely that DDPM gen-
erates sequences that asymptotically converge to primal feasible optimal
solutions of problem (5.29).

Theorem 5.6.1. Let {(xti, ρti)}t≥0, i ∈ {1, . . . , N}, be a sequence generated
by the DDPM distributed algorithm, with a diminishing step-size γt satisfy-
ing Assumption 5.2.3. Then, the following holds:

1. the sequence
{∑N

i=1 ρ
t
i

}
t≥0

converges to the optimal cost P ? of prob-

lem (5.29), and

2. every limit point of the primal sequence {xti}t≥0, with i ∈ {1, . . . , N},
is an optimal (feasible) solution of (5.29). �

A detailed proof of Theorem 5.6.1 can be found in [73].

5.6.2 Application to Thermostatically Controlled Loads

In this section we propose a numerical example in which we apply the pro-
posed method to a network of Thermostatically Controlled Loads (TCLs)
(such as air conditioners, heat pumps, electric water heaters), [4]. The
discrete-time dynamical model of the i-th device is given by

Ti,s+1 = Ti,s e
−α∆τ +

(
1− e−α∆τ

)(Q
α
xi,s +

δi,s
α

+ T outi,s

)
, (5.35)

where Ti,s is the temperature, α > 0 is a parameter depending on geometric
and thermal characteristics, ∆τ ≥ 0 models the sampling interval, T outi,s is
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the air temperature outside the device, δis represents a known time-varying
forcing term on the internal temperature of the device, xi,s ∈ [0, 1] is the
control input, and Q > 0 is a scaling factor. Moreover, we constrain the
temperature to stay within a given interval [Tmin, Tmax] with Tmax > Tmin ≥
0. The constraints due to the dynamics and the bounds on the temperature
can be written compactly as inequality constraints on the input in the form
Aixi � bi, for each agent i ∈ {1, . . . , N}, for some Ai and bi depending
on (5.35). Finally, we assume that the power consumption gi,s(xi,s) of the
i-th device is directly proportional to xi,s, i.e., gi,s(xi,s) = cixi,s.

Thus, optimization problem (5.29) for this scenario is

min
x1,...,xN ,P

P

subj. to Aixi � bi, xi ∈ [0, 1]S , i ∈ {1, . . . , N}
N∑

i=1

cixi,s ≤ P, s ∈ {1, . . . , S}.
(5.36)

where Ai and bi encode the constraints due to the discrete-time dynam-
ics, the temperature constraint Tis ∈ [Tmin, Tmax] and the known forcing
term δis. Notice that the local constraint set is Xi :=

{
xi ∈ RS | Aixi �

bi and xi ∈ [0, 1]S
}

.

We choose each δis to be constant for an interval of 5 slots and zero
otherwise. The nonzero values are set in the central part of the horizon
{1, . . . , S} by randomly shifting the center. Then, we randomly choose the
heterogeneous power consumption coefficient ci ∈ R of each device from a set
of five values, drawn from a uniform distribution in [1, 3]. Finally, we con-
sider N = 20 agents communicating according to an undirected connected
Erdős-Rényi random graph G with parameter 0.2. We consider a horizon of
S = 60. Finally, we used a diminishing step-size in the form γt = t−0.8.

In Figure 5.5 we show the evolution at each algorithm iteration t of the
local objective functions ρti, i ∈ {1, . . . , N}, (solid lines) which converge to
stationary values. Moreover, we also plot their sum

∑N
i=1 ρ

t
i (dashed line)

and the value P t = maxs∈{1,...,S}
∑N

i=1 gi,s(x
t
i,s) (dotted line). As proven in

[73, Corollary 3.6] both of them asymptotically converge to the centralized
optimal cost P ? of problem (5.36).

In Figure 5.6 (left) the local solutions in the last algorithm iteration
are depicted. We denote them by x?i , i ∈ {1, . . . , N}, to highlight that
they satisfy the cost optimality up to the required tolerance 10−3. We also
plot the resulting aggregate optimal consumption, i.e.,

∑N
i=1 cix

?
i , which, as

expected, in fact shaves off the power demand peak. Moreover, the optimal
local solutions satisfy the box constraint [0, 1] for each slot s ∈ {1, . . . , S}. In
fact, as we have proven, the algorithm converges in an interior point fashion,
i.e., the local constraint at each node i ∈ {1, . . . , N}, is satisfied at all the
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algorithm iterations and in Figure 5.6 (right) we depict, as an example, the
behavior of the components of xt1.
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Figure 5.6: Left: profile of optimal solutions x?1, . . . ,x
?
N (solid lines), and

cost
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?
i,s (dashed line) over the horizon {1, . . . , S}. Right: algorith-

mic evolution of the estimate xt1.

In Figure 5.7 (left) we show the violation of the coupling constraints, for
all s ∈ {1, . . . , S} at each iteration t. As expected, the violations asymptoti-
cally go to nonnegative values, consistently with the claimed primal recovery
feature enjoyed by our distributed algorithm, proven in Theorem 5.2.4. In
Figure 5.7 (right) the difference

∑N
i=1(gi,s(x

t
i,s)− ρti) is also shown, which is

always nonnegative as theoretically expected, see the proof of Theorem 5.6.1
in [73] for further details.
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Figure 5.7: Evolution of primal violations of solutions xti, i ∈ {1, . . . , N}.

Finally, we propose a numerical comparison between our DDPM dis-
tributed algorithm and a plain distributed subgradient method, see [64],
applied to the dual of the peak-minimization problem (5.29). In particular,
agents agree on a solution of (5.30) and build the averaging primal sequence
to recover a primal feasible solution. Formally, at every iteration t, each
agent i locally computes a dual subgradient of its own qi at its current dual
solution estimate µti,sub as

∇̃qi(µti,sub)=[gi,1(xti,1,sub) · · · gi,S(xti,S,sub)]> − ρti,sub1,

where

xti,sub ∈ argmin
xi∈Xi

S∑

s=1

µti,s,subgi,s(xi,s)

and
ρti,sub = max

s∈{1,...,S}
gi,s(x

t
i,s,sub),

Then, it receives µtj,sub from its neighbors Ni and performs the distributed
subgradient iteration given by

µt+1
i,sub = Psimplex

[ ∑
j∈Ni

wij µ
t
j,sub + γt∇̃qi(µti,sub)

]
,

where Psimplex denotes the Euclidean projection onto the simplex {µ � 0 |
1>µ = 1} and wij are entries of a doubly stochastic matrix matching the
communication graph. The primal sequences computed through the running
average are x̂ti = 1

t

∑t
τ=0 xτi,sub, i ∈ {1, . . . , N}.

We randomly generate 50 problem instances and run both algorithms to
evaluate the cost errors |P ? −∑N

i=1 maxs∈{1,...,S} gi,s(xti,s)|, for the DDPM,

and |P ? −∑N
i=1 maxs∈{1,...,S} gi,s(x̂ti,s,sub)|, for the dual distributed subgra-

dient.
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As shown in Figure 5.8, our DDPM algorithm is faster than the plain
distributed subgradient. Moreover, DDPM appears to reach finite time con-
vergence for this problem set-up (in the 92% of the cases within 2000 iter-
ations, while in all the other cases in no more than 9000). On the other
hand, the plain distributed subgradient after 10000 iterations is still at an
accuracy of about 10−1.

0 1000 2000 3000 4000 5000
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10−8
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100

t

Figure 5.8: Evolution of the cost error for the DDPM (dotted lines) and
for the plain distributed subgradient method (solid lines).
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Conclusions

In this thesis we investigated optimization set-ups arising in control, es-
timation and learning applications in cyber-physical network applications.
In CPNs the communication network cannot be considered a design pa-
rameter, thus algorithms need to take into account more complex schemes
that can handle, e.g., asynchronous updates. Also the problems can in-
volve huge decision variables leading immediately to “big-data” optimization
problems which may be nonconvex. Finally, we focused on a key feature of
distributed optimization algorithms when applied to dynamical networked
systems where optimization problems with coupling among agents need to
be repeatedly solved. We proposed tailored distributed optimization algo-
rithms that tackled the mentioned challenges.

Specifically, we designed and proved the convergence of asynchronous
distributed algorithms for cost-coupled optimization problems. In particu-
lar, we extended the classical distributed dual decomposition algorithm to
an asynchronous version. Exploiting duality, proximal operators and block-
coordinate methods, we were able to design a flexible algorithmic framework
that handle composite costs and local constraints using local and constant
step-sizes. Then, we have investigated the so-called “big-data” optimization
problems where the size of the decision variable is typically huge. We con-
sidered a structured optimization set-up enjoying a partitioned property, in
particular costs and constraints depend only on a small number of compo-
nents of the entire decision vector. We proposed a dual and a primal algo-
rithm to solve such partitioned big-data problems in asynchronous networks.
The analysis is based on block-coordinate proximal methods. The dual ap-
proach allowed us to handle strongly convex programs with partitioned con-
straints, while with the primal approach we managed nonconvex costs with
constraints depending only on a single variable component. Then, we con-
sidered a more general big-data set-up and proposed a distributed algorithm
that extends the state-of-the-art distributed algorithms based on gradient
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tracking schemes to a big-data scenario. By properly leveraging a block-
wise optimization and communication scheme, we designed a distributed
big-data optimization algorithm that can solve nonconvex cost-coupled op-
timization problems with huge size. Finally, we investigated a set-up that
arises in dynamic optimization problems that are strictly related to impor-
tant control applications. We proposed a novel distributed algorithm based
on a relaxation of the original problem and an elegant exploration of La-
grangian duality theory that represents a first methodological step toward
more complex schemes.

Future Developments

Distributed optimization poses numerous scientific challenges and in this
thesis only a small part of them has been addressed. A natural development
of this work may involve the extension of proposed techniques (or the combi-
nation of different ones) to simultaneously address more than one challenge
and/or apply them to different set-ups. We briefly discuss some outlooks
on possible future developments that can be carried out starting from this
thesis.

As for the big-data optimization scenario, in Chapter 3 we studied con-
vex programs with local constraints and exploited duality to design effective
distributed algorithms. On the other hand, in Chapter 4 we investigated
a primal approach to solve nonconvex problems subject to a common, con-
vex constraint while no local constraints have been taken into account. A
relevant step forward with respect to the existing literature would be to in-
vestigate primal methods, that possibly makes use of tracking mechansims,
to solve nonconvex problems with local convex and nonconvex constraints.

As for asynchronous algorithms, we proposed (block-coordinate) meth-
ods for cost-coupled problems. On the other hand asynchrony is a highly
desirable feature also for other set-ups as, e.g., the constraint-coupled set-
up. The schemes proposed in Chapter 5 are efficient distributed methods
exhibiting appealing properties such as the constraint violation estimate
that decays at a given rate. However, they are designed for the undirected,
static communication network. A possible extension consists in investigat-
ing how the exploration of alternative decomposition tools may lead to more
general distributed subgradient algorithms that work under time-varying,
asynchronous and directed networks.

Another important aspect that deserves further investigation concerns
the feasibility guarantees that the proposed methodology can offer. This is a
mandatory requirement for the relevant applications associated to the set-up
under investigation. A major contribution of our methods is the provably
asymptotic primal feasibility of the local decision variables without any (very
slow) averaging mechanisms. This algorithmic feature represents a building
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block to formally characterize the magnitude of the infeasibility. Thanks to
this property, our method can be embedded in a distributed model predictive
control scheme where a “supervised violation” of the coupling constraints
can be a key feature for the controller design.
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Appendix A

Optimization Basics

A.1 Lagrangian Duality

Consider a constrained optimization problem, addressed as primal problem,
having the form

min
x∈X

f(x)

subj. to g(x) � 0,
(A.1)

where X ⊆ Rd is a convex and compact set, f : Rd → R is a convex function
and g : Rd → RS is such that each component gs : Rd → R, s ∈ {1, . . . , S},
is a convex (scalar) function.

The following optimization problem

max
µ

q(µ)

subj. to µ � 0
(A.2)

is called the dual of problem (A.1), where q : RS → R is obtained by
minimizing with respect to x ∈ X the Lagrangian function L(x,µ) = f(x)+
µ>g(x), i.e., q(µ) = minx∈X L(x,µ). Problem (A.2) is well posed since the
domain of q is convex and q is concave on its domain.

A vector µ̄ ∈ RS is said to be a Lagrange multiplier if µ̄ � 0 and

inf
x∈X
L(x, µ̄) = inf

x∈X : g(x)�0
f(x).

It can be shown that the following inequality holds [9]

inf
x∈X

sup
µ�0
L(x,µ) ≥ sup

µ�0
inf
x∈X
L(x,µ), (A.3)

which is called weak duality. When in (A.3) the equality is verified, then we
say that strong duality holds and, thus, solving the primal problem (A.1) is
equivalent to solving its dual formulation (A.2). In this case the right-hand-
side problem in (A.3) is referred to as saddle-point problem of (A.1).
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Definition A.1.1. A pair (x?,µ?) is called a primal-dual optimal solution
of problem (A.1) if x? ∈ X and µ? � 0, and (x?,µ?) is a saddle point of
the Lagrangian, i.e.,

L(x?,µ) ≤ L(x?,µ?) ≤ L(x,µ?)

for all x ∈ X and µ � 0. �

A more general min-max property can be stated. Let X ⊆ Rd and
W ⊆ RS be nonempty convex sets. Let φ : X ×W → R, then the following
inequality holds true

inf
x∈X

sup
µ∈W

φ(x,µ) ≥ sup
µ∈W

inf
x∈X

φ(x,µ)

and is called the max-min inequality. When the equality holds, then we say
that φ, Z and W satisfy the strong max-min property or the saddle-point
property.

The following theorem gives a sufficient condition for the strong max-min
property to hold.

Proposition A.1.2 ([10, Propositions 4.3]). Let φ be such that (i) φ(·,µ) :
X → R is convex and closed for each µ ∈ W , and (ii) −φ(x, ·) : W → R
is convex and closed for each x ∈ X. Assume further that X and W are
convex compact sets. Then

sup
µ∈W

inf
x∈X

φ(x,µ) = inf
x∈X

sup
µ∈W

φ(x,µ)

and the set of saddle points is nonempty and compact. �

A.2 Subgradient Method

Consider the following constrained optimization problem

min
x∈X

f(x), (A.4)

with f : Rd → R a convex function and X ⊆ Rd a closed, convex set.

A vector ∂̃
∂xf(x) ∈ Rd is called a subgradient of the convex function f

at x ∈ Rd if f(y) ≥ f(x) + ∂̃
∂xf(x)>(y− x) for all y ∈ Rd. The (projected)

subgradient method is the iterative algorithm given by

xt+1 =

[
xt − γt ∂̃

∂x
f(xt)

]

X

, (A.5)

where t ≥ 0 denotes the iteration counter, γt is the step-size, ∂̃
∂xf(xt) denotes

a subgradient of f at xt, and [ · ]X is the Euclidean projection onto X.
The following proposition formally states the convergence of the subgra-

dient method.
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A.3. Penalty Method

Proposition A.2.1 ([90]). Assume that the subgradients of f are bounded
at each x ∈ X and that the set of optimal solutions is nonempty. Let the
step-size γt satisfy Assumption 5.2.3. Then the subgradient method in (A.5)
applied to problem (A.4) converges in objective value to f?. Moreover, the
sequence {xt}t≥0 converges to an optimal solution of problem (A.4). �

A.3 Penalty Method

Consider the inequality constrained problem (A.1) and the related penalized
problem

min
x∈X

f(x) + c ·max{0,g1(x), . . . ,gS(x)}, (A.6)

where gs denotes the s-th component of g and c is a positive scalar.

Proposition A.3.1 ([8, Proposition 5.25]). Assume that X is nonempty
and convex, f and gs, s ∈ {1, . . . , S}, are convex functions over X. More-
over, assume that problem (A.1) is feasible, has a finite cost and strong
duality holds. Then,

(a) in order for some optimal solution of (A.6) to be an optimal solution
of (A.1) there must exist a Lagrange multiplier µ̄ of (A.1) for which

y>µ̄ < c ·max{0,y1, . . . ,yS},

for all y ∈ RS;

(b) in order for problem (A.1) and (A.6) to have exactly the same optimal
solutions, it is sufficient that

y>µ̄ < c ·max{0,y1, . . . ,yS}, (A.7)

for every y ∈ RS that has at least a component ys > 0 and for some
Lagrange multiplier µ̄ of (A.1). �

In the discussion after [8, Proposition 5.25], condition (A.7) is shown to
hold when the penalty parameter c is greater than ‖µ̄‖1.
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