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© Definition of Electronic Stability Controller (ESC)
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The Roles of VDC ~

Vehicle on road
with high friction coefficient

Vehicle on road

with low friction coefficient
without VDC

— — — Vehicle on road

with low friction coefficient
with VDC

@ If the friction coefficient is small or the vehicle speed is too high, then
the vehicle may be unable to track the nominal trajectory and may
follow the trajectory of larger radius.

@ Then, one of the goals of the lateral control system is the yaw velocity
of the vehicle to track as much as possible the nominal motion
expected by the driver, as shown by the middle curve in Figure.
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SAE Definition -/

The Society of Automotive Engineers (SAE) defined ESC as a system tLat
has all of the following attributes:

a) ESC increases vehicle directional stability by applying and
adjusting the vehicle brakes individually to induce correcting
yaw torques to the vehicle.

b) ESC is a computer-controlled system, which uses a
closed-loop algorithm to limit understeer and oversteer of the
vehicle when appropriate.

c) ESC has means to determine vehicle yaw rate and to
estimate its sideslip.

d) ESC has means to monitor driver steering input.

e) ESC is operational over the full speed range of the vehicle
(except below a low speed threshold where loss of control is
unlikely).
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Under/Oversteering .

Oversteering. In Figure to the left, the vehicle has entered a left curve
that is extreme for the speed it is traveling. The rear of the vehicle begins
to slide which would lead to a non-ESC vehicle turning sideways (or
spinning out) unless the driver expertly countersteers. In a vehicle
equipped with ESC, the system immediately detects that the vehicles
heading is changing more quickly than appropriate for the drivers intended
path (the yaw rate and side slip angle are too high). It momentarily
applies the right front brake to turn the heading of the vehicle back to the
correct path.
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Under/Oversteering
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Understeering. Figure at the right shows a similar situation faced by a
vehicle whose response as it nears the limits of road traction is first sliding
at the front (plowing out or understeering) rather than oversteering. In
this vehicle, ESC rapidly detects that the vehicles heading is changing less
quickly than appropriate for the drivers intended path (the yaw rate is too
low). It momentarily applies the left rear brake to turn the heading of the

vehicle back to the correct path.
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General Control Scheme >

@ The main actor is the driver who can generate or variate the car
dynamics changing the accelerator pedal position, the steering wheel
angle and braking pedal position.

@ Under the driver's input, the vehicle moves and gives information
about its dynamics through its sensors that are:

@ Steering wheel angle sensor: determines the driver's intended rotation;
i.e. where the driver wants to steer. This kind of sensor is often based
on AMR (Anisotropic MagnetoResistance) elements.

@ Yaw rate sensor: measures the yaw rate of the car; i.e how much the
car is actually turning.

© Lateral and longitudinal acceleration sensor: often based on the Hall
effect, it measures the lateral and longitudinal acceleration of the
vehicle.

© Wheel speed sensor: measures the wheel speed (e.g., via a phonic
wheel)
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A simplified vehicle model ‘ N
Y )
may = Iy, (13)
may, = F, (1b)
Ip = M. (1c)
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Coordinate Transformation \

Instantaneous
center of
Rotation

The CoG velocity of vehicle in the Inertial Frame can be translated in the
body-frame using the following trigonometric transformation

F = ] @
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Three-State Four-Wheel Model o

)

By differentiation the equation (2), the accelerations in (1) are obtained:

[ ;( ] = VoG <5+w) [ C—O:i(nﬂ(i;)ﬂ)) ] + 000G [ (S:f:((gi%) ] (3)

These accelerations have to be reported in the body frame. For this
reason, it is necessary to introduce the rotation matrix that permits,
through a compact matrix notation, to make a rotation around one axis
(in our case, the axis is the z one), then,

H Al “
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o
Three-State Four-Wheel Model -/ ~

Finally, the kinematic expressions of body frame accelerations are
ag | S —sin . cos 8
[ay]_vC°G</B+¢)[cos,B ]+voog[sin,8]' (5)

Substituting the equation (5) in equations (1b) and (1a) we obtain

VoG <ﬁ+¢> [ —sinf ] + Voo [ C.Osﬁ ] =

cos 3 sin 3
1 |: Fxfl FxfT + Fxrl + Fxrr :| (63)
Fyfl Fyfr Fyrl + F rr

Considering as state variables the velocity of vehicle voog and the side slip
angle 3, from (6) it is possible to obtain the following two state equations,

V0oG =

> Feyy +vco (5 + ?l)) tan 3 (7a)

m cos ﬁ
IB N mvucoea COS ,8 (Z Fylj MUCoG SN 5) - Q,[) (7b)
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o
Three-State Four-Wheel Model o ~

and deleting the mutual dependency between vc,g and Bitis possible Lo
rewrite the equations (7) as

. cos 1 .
VCoG = mﬂ Z Fwij + E Z Fyij SID/B (83)
. cos 3 sin 8 .
= F, — F, — 8b
P VCoGM Z Y9 veeam Z vy Y (8)

Furthermore, the third state equation is provided by rotation yaw moment
as

IQJ) = ( Yfr + Fyfl) a— ( Yrr + Fyrl) b + (_Fxfr + Fxfl - FIB” + Fmrr)(c)
9

where a is longitudinal distance from CoG to the front axle, b is
longitudinal distance from CoG to the rear axle, and ¢ is the semi-track
width.
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o
Three-State Four-Wheel Model: Tire Forces o

The lateral and longitudinal forces are derived from the lateral and
longitudinal tire force, respectively, in the following way

Fy*v' = E*,o sin 0, + FC*,o COS Oy (103)
Fy, .= F,, cosd, + Fe, , sind,. (10b)

F,,, and F},, are complex functions of several parameters. A possible
dependency can be describes as

Fc*,. = fc(a*,u Sx,0) Hx, e Fz*,.)’ (113)
E*,o = fl(a*7.78*7.7/’6*7.?Fz*,o)? (11b)

where «, o are the tire slip angles, s, o are the slip ratios, 11, o are the road
friction coefficients and F;, , are the tires normal forces.
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Three-State Four-Wheel Model - \

)

Using the equations (8)-(11) the nonlinear vehicle dynamics can be
described by the following compact differential equation:

E(t) = £ ((8), ult), (12)

where the state and input vectors are £ = [ vooa, S, 1/)] and
u= [0y, Fi,,, Fi,,, Fi,,, Fi.,] respectively,
and :U'(t) = [:U'f,l(t)v Nf,r(t)v ,U'r,l(t)’ Nr,r(t)]'
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Two-State Four-Wheel model .
Remark
Simplification: The velocity of CoG vooq is constant and known. J

From the Simplification above the equation (8a) can be discarded, then
the system (13) is reduced to equation (8b) and (9). In state space form,
the reduced nonlinear two-track model, for a given friction coefficient, can
be written as

f(t) = éggates(g(t)?u(t))? (13)

where the state and input vector are £ = [8, ] and
u= [0y, F,,, Fi;,, Fl,,, F1,,]. The subscript ‘2states’ reminds that the
model (13) is a four-wheel model with only two state variables.
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e Reference Generator
@ Yaw Rate Reference
@ Side Slip Angle Reference
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N
Nominal Trajectory —

The ESC system generates at each time step the reference trajectory from
the input of the driver

@ car longitudinal velocity

@ steering wheel angle

This “nominal trajectory” is characterized by two angular quantities, yaw
rate zbref and Sief, on the body frame rather than the inertial frame
because it depends on the driver's intentions so that it is impossible to
draw an absolute trajectory.
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Yaw Rate Reference ~

To compute the reference yaw rate signal we use the relation between a
given steering angle and the corresponding yaw rate at steady state for a
bicycle model, sometimes called Ackermann yaw rate,

(%7

s 14
L(1+02/02,) (1)

77bAck =

where | = a + b.
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Yaw Rate Reference ~

The Ackermann yaw rate is the steady-state yaw rate corresponding to }he
given steering wheel angle of a linearized bicycle model at a determined
longitudinal velocity.

It needs to be smoothed and to this aim we employ a unit gain low pass
filter whose poles are obtained by the linearization around 8 = 0 and

¥ = 0 of the bicycle model:

a
w == 15
with
_CFCRZ2 + mo? (crly — cply)
CL(’U;B) - J )
2MUyg
o) = (Jo +mi2) cp + (J. + mi}) cr
e J,muy, '
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Yaw Rate Reference ~

)
Further, to take into account the saturation of tire lateral forces not
described by the linearized model, some bounds are introduced, typically
referring to oversteering and understeering behaviors. For an oversteering
car if we consider the derivative of side slip angle B approximately zero the
equation (7) becomes

Y~ ! <Z ,::;J — UCoG Sinﬁ> ; (16)

VoG COS B

where

F,. .
ay =Y g;]- (17)
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Yaw Rate Reference \

From equation (16) it is possible to compute

1
VoG COS 3

Q;Z}max =

(@Yinax — VCoG SIn ). (18)

The reference yaw rate ¥¢f,in the case of oversteering, has to be inside
this bound,

7/')ref - { wACk’ W)’ = W)max‘ (19)

+1max,  Otherwise
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Yaw Rate Reference >

)

In the case of understeering, the vehicle side slip angle 5 and the yaw

rate 1) are below their maximum allowable values. The driver tries to
maintain the vehicle on the desired course by increasing the steering angle.
If the tire slip angle « and, therefore the lateral wheel slip s., become too
large, the lateral friction coefficient exceeds the maximum. The vehicle
would then leave the set course. It is possible to use the rear tire slip angle
o, as a reference to determine when the front tire side slip angle oy
reaches a critical value. A critical ratio is af/aT = 1.5. Then, for an
understeering car, the reference yaw rate &ref must satisfy

i iqﬁmax’ OZf/Oér >1.5
ref — . i 2
Vret { WYAck, otherwise (20)
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N
Side Slip Angle Reference -

1

Brmax

B 5
v [mis]

We require E to be limited in the interval [—max, Bmax) Where

2’2}52 v3 — 3higke :2 v2 4k if vy < Ve,

Bmax = (21)
kQ if Vp > Veh-

Reasonable values for parameters k; and kg are 107 /180 and 37 /180
respectively. When 5(t) € [—Bmax, Omax| the side slip reference is itself;
when /B(t) > /Bmax (resp- /B(t) < _/Bmax) we have /Bref = /Bmax (resp-
Bref = _/Bma.x)-
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Supervisor <
YesvVDC

>\[ew >e) leeﬁ > e%"]
[ew >e) ]ORl_eE > e%“J
( Wait ) (Normal)

[ew < e;“ ]ANDle/} < e;," J/ t,=t

\enable:O

t—t, ZTdel enable=1

@ The lateral dynamics controller is not always ON so as to leave the
driver free during normal driving.

@ It is turned on by a Supervisor that evaluates the error €y between

the actual yaw rate 1/) and the reference yaw rate 1/')ref and the error
eg between the estimated vehicle side slip angle 5 and the reference

vehicle side slip angle Bref.
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Supervisor

>\[ew >e) bR[e; > e}"]

NoVDC

YesvVDC

[ew >e) ]ORl_eE > e%“J

() (Normal)

[ew < e;“ ]ANDleﬁ < e%“ J/ t,=t

\enable:O

t—t, ZT:iel enable=1

@ The Supervisor activates when either the error on yaw rate e, or the
error on side slip angle eg exceed certain respective activations

thresholds.

@ The controller is deactivated when both € and eg are within those

thresholds for a period Tyq.
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o
Yaw Rate Thresholds —

|

@ The thresholds on yaw rate error depends on the vehicle speed.

@ Since the vehicle responds to the steering wheel angle in different
manners as the vehicle speed changes, we chose to shape the yaw
rate error activation threshold efi‘ and the deactivation threshold ef{f
as the following

20 / Ve
e (vz) :%@N, (22a)
e (vr) =€e2(vg) - (22b)

where e9N > 0 is a calibration parameter. Equation (22a) is obtained from
(14) by setting 6 = 1 and dividing by v.,/(21) (which is the maximum yaw
rate for 0 = 1 attained at v, = v¢,); € is a calibration parameter with

&€ (0,1), tipically £ = 0.75.
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0 Observers
@ Longitudinal Velocity Estimation
@ Estimation of CoG velocity
@ Kalman Filter
@ Side Slip Angle Estimation
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Observers &

@ The vehicle side slip angle 8 cannot be measured and has to
estimated.

@ To this aim the longitudinal velocity of CoG of vehicle is needed,
another information not provided by sensors.

@ Then, it is necessary to have

> an estimation of longitudinal velocity of vehicle &
» an estimation of vehicle side slip g
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Observers “

The functional structure of vehicle longitudinal velocity estimator is
showed in figure. Its inputs are:

@ angular velocity of each wheel: wy, wyp, Wy, wpr[rad/s];
@ vehicle longitudinal acceleration: a,[m/s?];

© vehicle lateral acceleration: a,[m/s?];

@ the steering wheel angle imposed by driver: SW A[rad]
(0 = SW A/ Rsteer|rad));

© the vehicle yaw rate: t[rad/s];
© the estimated vehicle side slip angle G[rad].
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Estimation of CoG velocity “

The velocity of each CoG of wheel can be expressed as

wpr — 1 (ccosd — asin )

Uy = s (07 (23a)
vy, = werr + i)o(sc((;os_éﬂ; asind) (23b)
Vw,y = %;—ﬁcd} (23¢)
= S (234)
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Kalman Filter o

)

A Kalman filter, whose scheme is shown in figure, is used to estimate the
vehicle longitudinal velocity v,. It is designed on an augmented system
whose output variables are the vehicle acceleration and the wheel
longitudinal velocities computed as in equation (23)

(& )=]0 0](&)+ne (24)

1

g 10

i 01|,

by | =0 1 <UI ) + Iyw (24b)
b, 0 1 @

b, 0 1
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Kalman Filter

The system (24) is discretized with a sampling time 75 = 20 ms

Tr41 = F2p + Goyg, (25)
2 = H’:Ek + Twy, (26)

where E[oro}] = Q and Elwywl] = R.
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Kalman Filter -

The equation of the Kalman filter are

Tk = Thjp—1 + Lk (2 — H' o) (272)
Trrik = Fagg (27b)

where z, = [az Vw,FL. Vw,FR Dw,RL ﬁw,RR]' is the vector of
measurements and the gain Lj is computed dynamically by
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Kalman Filter

Skig—1=FEp_1p1 FHT + Qy (28)
-1
Sk = Skpp-1 — Sapp1HT (HSpp1H + Ri)” HSgpoy (29)
-1
L = Sy H" (HE -1 H + Ry) (30)

where by definition

Spp-1:=F [(30 — Zpp—1) (z — i‘k|k—1)T] (31)

Typically the error covariance on velocity measurement is larger than that
one on acceleration measurement which guarantees a fast convergence of

the filter in the first time steps.
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o
Kalman Filter - ~

)

For the following time steps, the velocity measurements error covariance is
a function of the slip ratio of each wheel, a sort of quality factor of the
single measurement:

€ 0 0
01— e>lstril 0 0 0
R=r|0 0 1 — e*lsenrl 0 0
0 0 0 1 — e lserrl 0
0 0 1 — elsr.nnl
10
o=[o 1]
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Side Slip Angle Estimation -

From (7b) the side slip angle estimate 3 is given by

,8 ——31n,3+——¢, (34)
vx vx
where in turn v and v, are estimated according to previous slides. By
practical experience we noticed that (34) has a problem of error

propagation, and thus, a dynamical reset kyeset € {0,1} has been
introduced:

6 _U_ Slnﬁ + — 7;[) kresetﬁ (35)

Vg
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Kalman Filter

The reset kyeset is enabled (Kpeset = 1) when:
© the steering wheel is in neutral position: [0] < Ay;
@ the vehicle is not rotating: || < Ay
© the estimated value of 3 is not equal to zero |B| > Ag;
@ conditions 1), 2), 3), are true for a certain period of time Toy;

where Ag, Ad} and Ag are suitable thresholds.
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9 Differential Braking Model Predictive Control
@ Nonlinear MPC
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Controller Scheme

In this section we describe in detail the design of a "controller” of gene)al
scheme about lateral vehicle dynamics control strategy presented before
which uses only active braking to track the vehicle reference side slip angle

and the reference yaw rate.

Voot &)
A0 —l—l—:;__ ;

()
F ()

Uppe (1) = Fiyye

Diffe!'ential Slip Controller
Braking LTV-MPC Gain Scheduling Pl

It is composed by a differential braking Linear Time Varying Model
Predictive Control and by a slip controller.
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Nonlinear MPC <~

Consider the following generic discrete-time nonlinear system:

§+1) = f(@) u), (30)

where f(-,-) : R® x R™ — R", with f (-,-) € C!, is the state update
function, £ € R™ is the state vector, u € R™ is the control inputs vector,
and f(0,0) =0 . Let the system (36) be subject to the following states
and inputs constraints:

E(t) e X and u(t) e U (37)

where X € R™ and U € R" are polytopes.
The control objective is to steer the state of the system (36) to the origin
Te =0, ue = 0.
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p—_
Nonlinear MPC <~

Given N € Z*t | we consider the cost function
In(, ) : R? x RN™ 5 R defined as follows:

IN(E®), U®) = S (ER), u(k) + P(E(E+N))  (38)

where U(t) = [u(t), ...,u(t + N — 1)] is a sequence of inputs over the time
horizon N; {(k) for k =t,...,t + N is the state trajectory obtained by
applying the control sequence U(t) to the system (36), starting from the
initial state £(¢); 1 (-,-) : R® x R™ — R*, with I(-,-) € C!, is the stage
cost and P (-) : R — R is the terminal cost.
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7
Nonlinear MPC - “

At each sampling time ¢t we assume that a state measurement £(t) is
available and solve the following optimization problem:

H(l]if JIn (&(t),Ut) (392)

subject to &ry1t = f(Ek,e, k) (39b)
k=t . N—1

et €X k=t+1,.,t+N-1 (39¢)

U €U k=t t+N 1 (39d)

§ie =& (1) (3%)

Engt € Xy (39f)

where (39f) is a final state constraint and X is a polytope.
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Nonlinear MPC -/

Denote by Uy = [ufy, ufiq 4, -, Uiy 1] the optimal solution of (39) at
time t; by &, for k =t +1,..,t + N the optimal state trajectory obtained
by applying the optimal input sequence U;* to the system (39b); and by

J (+) the value function of (39) at time t. The first sample of U} is
applied to the plant:

w(§(t) = uzy (40)

and, at the next the sampling time, the optimization problem (39) is
solved over a shifted horizon.

The problem (39) is a nonlinear and in general non convex optimization
problem with N(n + m) optimization variables, nN nonlinear equality
constraints (constraints (39b)), and a number of linear constraints
(constraints (39¢)—(39d)) depending on the polytopes X and U. The
control law (39)—(40) is referred to as Non-Linear Model Predictive
Control (NLMPC).
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Nonlinear MPC ~

Remark

In the formulation of the constrained finite-time optimal control (CFTOC)
problem (39), we distinguish between the state {(t) and input control u(t)
of the systems (36) and the variables §,; and uy,; of the optimization
problem (39).

The problem (39) is solved by means of nonlinear optimization solvers.
The computational burden for solving (39) in general depends on i) the
order of the system (36), ii) the horizon length N, iii) the nonlinearities in
the function f(&;w) and iv) the optimization method employed.
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9 Linear Time Varying (LTV) MPC
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e
Linear Time Varying (LTV) MPC ~/
)

We formulate a Linear Time Varying (LTV) model predictive control
problem in order to achieve the lateral vehicle dynamics control.

It is a suboptimal MPC algorithm with a lower computational complexity,
compared to the NMPC law (39)—(40), which is obtained by
approximating the system (36) with a linear time-varying model.
Consider the state £y € X’ and the input ug € U. Denote by fo(k:) for

k > 0 the state trajectory obtained by applying the input sequence

u(k) = ug for k > 0 to the system (36) with & (0) = &:

§olk+1) = £ (€ok), u(k) ), (412)
u(k) = uo (41b)
£0(0) = & (41c)
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Linear Time Varying (LTV) MPC

System (30) can be approximated by the following LTV system:

A& (k‘ + 1) = Ak70Af (/@) + Bk70Au (l@) + dk,O

where Ay o € R™™ and By o € R™™™ are defined as

of of
Apog= —= B.o= -~
w0 %3 &o(k),uo HO du €o(k),uo
dio = f(éo(k),uo)
AE (k) = & (k) — &o(k) Au (k) = u (k) —ug

D
)

(42)

(43a)

(43b)
(43¢)

The LTV system (43a) describes the deviations of the nonlinear system
(36) from the state trajectory £y(k), when a constant sequence of

amplitude ug is applied.

Remark

System (42) is a first order approximations of the system (36) around the
nominal state trajectory &y(k), k > 0.
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At each sampling time t we consider the cost function J (&(¢), U(%)) in
(38). We assume that a state measurement £(t) is available and solve the
following optimization problem

min JIn(&(t), Ut) (44a)

subject to (i1t = Ak 1€kt + B t0up + dp ¢ (44b)
k=t .. N-1

Gt €X k=t+1, . t+N—1 (44c)

upe €U k=t,..,N—1 (44d)

e = E(t) (44e)

Engt € Xy (44f)
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In (44) U = [utt, Wes1,ts oo, W+ N—1,¢] IS the optimization vector at time ¢,
&kt is the predicted state at time &k, with k =t +1,..,t + IV, given the
state measurement £(t) at time ¢ and obtained by starting from the state
&t = &(t) and applying to the system (44b) the input sequence

Up t, Ut g1ty - Ut N—1,¢- 1 he matrix Ay, By, and the vector dy ; are
defined as in (43), where the fixed index 0 is replaced by t:

of of
Ak = 55 = = 45
o 23 & (k) ue ST du & (k) ue (#52)
dk:,t = f(ét(k)a u) (45b)
and
Er1r=f (ék,ta%f) k=t .,t+N-1 (46a)
€t = &(t). (46b)
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)

As in (39), once a solution Uy = [uj;, uiyq 4, Uy, 1) Of the problem
(44) is available, the first sample of U}

u (&(t) = uy (47)
is applied to the model to (36).

Remark

The cost function (38) is convex piecewise linear or quadratic, the
constraints (44b)—(44f) are linear, therefore the optimization problem (44)
is convex. It can be solved with efficient Linear Programming (LP) or
Quadrating Programming (QP) solvers, if the functions I({,w) and P(&) in
(38) are linear or quadratic, respectively.

v
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Remark

Although the complexity of the optimization problem (44) greatly reduces
compared to the problem (39), we point out that the MPC formulation
(44) requires N linearizations of the model (36). This setup time can be
significant for high order models and long prediction horizons.

Remark
In order to further reduce the computational complexity of the MPC

scheme (44), in the following we will assume that Ay, = A;, By = By
fork=t,...,t + N —1.
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