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SISO system, 2nd order (n= 2), non-linear, time-invariant

"Single-corner" model

 -  ω : angular speed of the wheel ( [rad/s]; 
0>ω is  assumed); 

-  v : longitudinal speed of the vehicle 
body; 

-  bT : braking torque (control/input 

variable); 
-  xF :  longitudinal road-tire contact force;  

-  zF :  vertical road-tire contact force;  

-  J, m and r are the momentum of inertia 
of the wheel, the quarter-car mass, and 
the wheel radius  

       

      (e.g. 21 mKgJ = , Kgm 225= , 

mr 28.0= ). 

 

The following slides are adapted from those used in the 
course ‘’Automazione nei mezzi di trasporto’’ 
(M.Sc. course at the Politecnico di Milano, Prof. Sergio M. Savaresi)
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CHANGE OF STATE VARIABLES

SISO system, 2nd order (n= 2), non-linear, time-invariant, strictly proper (or: 
SISO, non-linear, 1st order, time-varying)

Change of state variables
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Equilibrium points (I)
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deceleration
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µ(λ) (friction coefficient) 
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Assumption: v dynamics (Body Dynamics) are much slower than λ or ω
dynamics (Wheel Dynamics). 
Consider v as slowly varying.

Linearization model (method I)
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Linearizing around 

:

Linearization model (method I)
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Linearization model (method I)
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Alternative method of linearization
Do not make assumptions on the dynamic decoupling between the wheel and body. 
Linearize around a point (non-equilibrium) defined by                           

v ω
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Linearization model (method II)
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Linearization model (method II)
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Method I Method II

Linearization around an equilibrium point

Assumption of v-slowly-varying

Linearization around a non-equilibrium point

No v-slowly-varying assumption
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Analysis: open-loop

Pole (stability):   
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Sensitivity with respect to the longitudinal vehicl e speed

F.d.t. From T b to λλλλ (nominal F z= Mg)
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Sensitivity with respect to vertical load

mg

F
N z=
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Control schemes
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αααα= 1 (Slip control)
αααα= 0 (Deceleration control)
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•No fixed set-point

•No unique equilibrium

• deceleration 

measurement very 

simple and robust
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αααα = 0 (deceleration control)
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αααα = 0 (deceleration control)

Impossible to find a stabilizing K in all working conditions
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•Set-point (almost) 

fixed

•Unique equilibrium

•Sensitivity to 

measurement noise (slip 

measurement is critical)
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αααα = 1 (slip control)
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αααα = 1 (slip control)

Possible to find a stabilizing K in all working conditions
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Mixed Slip-Deceleration control (MSD-control)

Savaresi s.m., M. Tanelli, C. Cantoni (2007). 
Mixed slip-deceleration control in automotive 
braking systems. ASME Transactions: Journal of 
Dynamic Systems, Measurement and Control, 
Vol.129, No. 1, pp.20-31 [2008 ASME Dynamic 
Systems and Control Rudolf Kalman Best Paper 
Award]

PCT/EP2005/050820 (2005). “Sistema di controllo 
automatico della frenatura", Freni Brembo S.p.A. 
(Cantoni C., Savaresi S., Charalambakis D., 
Tanelli M.).
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•Possible fixed set-point

•Possible fixed structure

•Unique equilibrium

•NOISE SENSITIVITY?

0 <αααα <1 (mixed slip-deceleration control - MSD-control)
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Limits in the choice of αααα
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Slip-control: linear stability analysis
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Added dynamics (example)
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Slip-control: example of a PID design

Cut-off frequency: between 
2 and 40Hz about

At 2m/s becomes unstable
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Logic activation-deactivation on a PID

activation and 
deactivation 
variable(s)? 
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Slip -control algorithms 
(ABS) with three -states -

actuators
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Actuator

Control actions:

Open Build - Close dump � Increase pressure (u = k)

Close Build - Open dump � decrease pressure (u =-k)

Build Close - Close dump � hold pressure (u = 0)

Constraints:

1. Rate limiter dTb/dT=u

2. Control action: u ∈ {k, 0,-k}
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Model (recall)

Hp: v is a parameter ("slowly varying")
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Equilibria (open loop)
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Equilibria (open loop)
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Equilibria (open loop)
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Phase diagrams (open-loop)

open-loop
unstable

open-loop loc. as. 
stable
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Analysis of closed loop

We analyze the phase diagrams:  u ∈	{k, 0,-k}
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Increase: u = k

Tb growing
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Hold: u = 0

Tb constant
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Decrease: u =-k

Tb decreasing
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Switching Control Logic

Switching function: (Tb,λ)-Box
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Switching Control Logic
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Limit-cycle: analysis
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Limit-cycle: analysis
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Limit-cycle: view in the hybrid space
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Existence of limit cycles: necessary conditions

if
then the intersection between the system trajectory

must occur at a point such that
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Limit-cycle: analysis
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Limit-cycle: stability
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Comments

0.08 0.1 0.12 0.14 0.16 0.18 0.2 0.22 0.24

1180

1200

1220

1240

1260

1280

λ

T b

Ideal behavior:
"Box" very tight around the peak of the curve of fr iction
Transitions very fast (high-k)

In practice we have to find a compromise between:
k small / large
Box small (performance) / large (robustness)
Robustness (fixed) & Adaptation (varying) Box


