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Longitudinal dynamics: slip control
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The following slides are adapted from those used In the
"Single-corner" model  course "Automazione nei mezzi di trasporto”

- (M.Sc. course at the Politecnico di Milano, Prof. Sergio M. Savaresi)

w: angular speed of the whed ( [rad/s];

( [} -
Ja) — rF — T w > 0is assumed);
X b - v:longitudind peed of the vehicle
< body;
T, : braking torque (control/input

rm — _FX - variable);

F,: longitudinal road-tire contect force;

§
F,: vertical road-tire contact force;
F — J, mand r are the momentum of inertia
—_— of the whed, the quarter-car mass, and
X the whed radius
A=(v-—ar)/v=1-ralv (291 =IKG ¥, = 225Kg.
r =0.28m).
( V—ar
Jo=rFu ——|-T
4 VvV
o _p VT
m=-Fu ——
\ VvV

SISO system, 2nd order (n= 2), non-linear, time-invariant
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BT
| Change of state variables
|

o= rFZ,u(V_Mj—Tb
V

- _Fzﬂ(v—arj
V

.

SISO system, 2nd order (n= 2), non-linear, time-invariant, strictly proper (Or:
SISO, non-linear, 1st order, time-varying)
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BT
| Equilibrium points (1)
|

’ _ 1 @-A1 r? r Linear, normalized, wheel
</] - V( m + 3 JFZ/'I(/])-FﬁTb deceleration
\m\./ = _FZ/'[(A) n = _ﬂ

g

A.:O, /7:/7 not v=0

Note: DO NOT depend on v
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Equilibrium points

-

1 a—A)+r2
\Y; m J
mv = _FZ/'[(A)

A.:O, /7:/7 not v=0

A=1-ralv e

Fz:u(/]) + %Tb

A=

N

(awv-va)/v? =0
a:a’\'//v

= R L
— 1_ A Z A of il R N
: ”)‘peak (slip of maximum friction force) : : : : !
rrg 0 Ly 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
A (longitudinal tire slip)
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Linearization model (method I)

ST =T.-T, A=A-1 o K
% f—
= 4 (A) =0u(A) 104, ¥
ILIO = ILI (A_ ) /] A B

———————————————————————————————————————————————

Assumption: v dynamics (Body Dynamics) are much slower than A or w
dynamics (Wheel Dynamics).

Consider v as slowly varying.
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Linearization model (method I)

|
Equation of A:
. 1(@a-A r? r
A== =24+ F u(A)+—T,
R O

A== (S0 )|+

m J

Linearizingaround A, T,

L a- A)# o
m m

N+ —
Tujors

T 2
o= QA T s
\% m J m vJ
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BT
| Linearization model (method I)
|

‘Ja:er:u(A)_Tb —LJ&J:—L(I’FZ,U()I)—Tb) J/]:—r_ FZIu(/])+LTb

g g g g

n=-"F )+

Jg Jg °

rF,u{r}

r°F r r’F, r SR RA
onN=—-—214N+—0, G(9=- £ 4G, (9) ¥~ =1~ — ¥

3g HA 54O 7 Jg Jg Jg S{Fz[((l—/\)Jrr)ul_%ﬂ

F Ho || _ r k )

S+FZ[(1—/T)/11—#0]
-1, ]ﬂl o }

m m
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BT
| Linearization model (method II)
|

Alternative method of linearization

Do not make assumptions on the dynamic decoupling between the wheel and body.
Linearize around a point (non-equilibrium)  defined by

V o A=V-ar)lv

(@) =u(1)+ % w-vy+

(w-@)+O((v-v)",(w-®)°)

u(Awe) = u(2)+| H

(V-V) {aﬂa}l}

A=A

ar I
ﬂ(ﬂ):ﬂoJfﬂl?d/‘ﬂlg&U
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BT
| Linearization model (method II)
|

(. or r
Jw= er{ﬂo +ﬂ1?d/—,u1$5w} -T,

: wr r
m\/:‘Fz{ﬂo’Lﬂl\_/—Zd/—ﬂlg&d}

Joo=rF,|1,]-T, .
, { Ci) ] =T, equilibrium
rnv:_lzz[luo]
goo=| - || 1 P E, -2,
vJ Jv J
< . r Zor Is the final relation
d’:[”l——':z}&"{‘ﬂl — Fz}d/ identical to the previous
) w m one ...?
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Linearization model (method II)

r or =r A=sym (' [-wl¥r Z¥Fz/ (wrd)  wldwrrr28F e (T 2) pml e *F e/ (vim) , —wlvwrryFe/ (mevt2)] ') 2

. _ =¥ B=sym{'[-1/J:0]"'):
N = |:1u1 v Fz:la_a)+|: H _2 |:z:|d/ = C=sym('[1,0:0,1]'):
nmv >> I=zymieve (2)):

»» F=C%*inwv(sywm('s') *I-4) *E;
»> pretcy(F]

[ 2 ]
[ smv + mlwepgr Fz ]
[~ === ]
[ 2 2 ]
[ 2 iz Jdw+ Jwl wr Fz +mlr Fz m wv)]

Gyy(9) = —— iy G,(s) =~ v
“ Js TE 2 ! Js A)F — 2
:ul( ) z (1_/])+mr S+ 'ul( ) Z (1_/])4.%
mv J mv J
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N =

asd

Linearization model (method II)

I ar
- 56()"‘_—25/
V V
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)|
vJ

B

(1_ A_) + ﬁ 7 {II: ﬁ(\)\\‘n
m 3 m
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Linearization model

Method |

Method Il

G,(s) = - )
o FZ(((l—/])Jrr j Sl
M-
Y m J Lm
Fole w1
Csrla- T m]
G,(s) = —

Jg .y 2
- F || (1 )I)+r
Y m

G, (s) = .
{ﬂl(A)F ((1 T+ ﬂ
mv J
C st 2 D)
G,(s) =

Jg S{,ul()T_)FZL(l T+ mr J]
mv J

Linearization around an equilibrium point
Assumption of v-slowly-varying

asd
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Linearization around a non-equilibrium point
No v-slowly-varying assumption
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Analysis: open-loop

w Do
— s+—Z2(1-A) (1)
G,(s) = v . G,(s) = Jr — :
{ﬂlu)F ((1 P H QS{WJF [u A+ ”‘rﬂ
-~ 3 mv J
Pole (stability):
”1(/]m\2F ((1 A)+ m;2j>0 U, (A)>0

Zero (minimum phase):

ﬂleV)F 1-2)>0 (1) >0
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Sensitivity with respect to the longitudinal vehicl e speed

Fd.t FromT to A (nominal F ,= Mg)

_80
o -90|
=
ey IR P :
_g_»mc,_ T N I
2 EEIS R R
= — vEmi |
S0 | — =15 mis
— v=30mis |
— v=50m/s | :
129 —
0]
:VS.’B..?CEME
o -30F :
Q
=
@
7]
L .60/
50 ; L

10 10 10/ 10 107
Frequenza (Hz)

/I’I‘/O\/C’ Dipartimento di Elettronica, Informazione e Bioinge gneria - I POLITECNICO DI MILANO



Modulo {(dB)

—

—

L]
I

Fase (deg)

Sensitivity with respect to vertical load

M créscente

M creécenfe

10 10°
Frequenza (Hz)
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Control schemes

_ G, — 4
E E

G,( > l-a

o= 1 (Slip control)
o= 0 (Deceleration control)

; #, (A)F.
—| 5+ [ -
) Jg{ { mv ( ))}
“r(9)= J)F :
. 2, ( _) :((I—ZH”” }
myv | J
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a = 0 (deceleration control)

1.2

| |
| |
| |
L | Asphalt, dry
|

| | |
i_Unstable Equilibria
| |

eNo fixed set-point

«No unique equilibrium

» deceleration
measurement very
simple and robust
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a = 0 (deceleration control)

m
a G,(s) : { /T F. =
g ¢ >75_’ ’—[S+|:—‘ll( _) - ((l_;v)):|
i . Jg | my
G, (s) ¥ -« (’,7(5): - F N
A — "
s‘+{/ll( _) :( R }
my

Impossible to find a stabilizing K in all working conditions
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a = 1 (slip control)

12 T

>|

e *L fffffff ffffffff oo e Set-point (almost)
| | | | | | | | fixed

eUnique equilibrium

| «Sensitivity to
measurement noise (slip
| measurement is critical)
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a = 1 (slip control)

G, (s

bt ]
- vJ
S + N

il

G, (5) l-a G/1 (s) =

Possible to find a stabilizing K in all working conditions
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Mixed Slip-Deceleration control (MSD-control)

||
d
G, (s)
— a
E E
Q) -
G/] () 1-a
d,
e=ar+(1—a)y, acecl0,1] Savaresi s, 1. Tanell, C Cantrd (2007

braking systems. ASME Transactions: Journal of
Dynamic Systems, Measurement and Control,
Vol.129, No. 1, pp.20-31 [2008 ASME Dynamic
Systems and Control Rudolf Kalman Best Paper
Award]

PCT/EP2005/050820 (2005). “Sistema di controllo
automatico della frenatura”, Freni Brembo S.p.A.
(Cantoni C., Savaresi S., Charalambakis D.,
Tanelli M.).
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B O
0 <a <1 (mixed slip-deceleration control - MSD-control)

|

. | «Possible fixed set-point
a9 «Possible fixed structure

Ly — , R «Unique equilibrium

A L N - *NOISE SENSITIVITY?

Cobblestone
)
|
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Limits in the choice of a

Olyrrimn, — Max
min Mo, 1 -+

Nl()_\; 97‘)(5\ — 1)771::_2
[Ml(j\: 0r) (X — 1)}

Fy
mg

F.=mg

!

Omin ~ 0.45 .

0.4
0.3
0.2
0.1

T T T T T T T 1 I
e .......... .-"J'xSFIhEIH, Elr'_l,l' ................................................ 1
E—— ........ ........ Asphalt, wet] -1

[ T ee— N
0 0.1 0.2 0.3 0.4 0.5 0.k 0.7 0.a 05 1

A
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B O
| Noise sensitivity

_ Gy(9)
£
G,(9 »?—» l-a Uf >U,§

¥

D,(sa) =(aD,(9 +(1-a)D,(9)S.(s a)
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B O
| Noise sensitivity

_vald,(@)] _
M=o al - V@%@

Vi) = a’o; +(1-a)°o; Qy ,
(@) = 2 | - (iw | "cw
[0 — w=0
0.80< @ <0.95 @="g,—
52> 02 _[ ‘Sé‘(JVV;l)‘ dw
A 1 w=0
—_ L
Y(a)=a
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Noise sensitivity

|
-~ 2
o O o7
v J
= 1| (F 2
o
Jg v Jg J J
Zero
0dB (fixed)i —
5.
(dlip-control) E> :
LF-gain i :
|S£(jVV,O’)|, 0.80< a < 0.95 |:> ------------- Veununnunnnnnnnnn E‘ . E i :HF-galn
(MSD-control) ".. ' E
““i ........... R, AN
e
; Pole
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ity

ise sensitivi

No

\
0.98

\
0.96

0.94

v=30m/s, )‘<)‘peak

v=30m/s, }\>)\peak

—
(o]
e e 2
s T o S
m o
5
S
<
S
S (o)}
g | | °
2 | |
g | |
A | ”
|
|
| [ee]
” ” | ” | B
| | | | | <
” | | | ”
| | | | |
— ” | | ” ”
[\\\)\ - o | |
S(se Coo i R R oo 2
R \, | | | | I )
) g | | | | ©
dn.fv d” ” | | |
|
” | | ” ”
w | | | | |
| i .~ \” \\\\\\\\\\\ - _ ”\\ ” 4
| ” | | \\\\\\\\\,\ \\\\\\\\\ ] B
__ | | ” ” | e
| | | |
— ” | | ” ”
a | | | | |
K | | | | |
LN < O S | | N
! ” + === = — - (e | — oo}
| | | | | <
” ” ” , ”
| | | |
| | | | |
, ﬁ ﬁ ﬁ ,
o Lo N , 00
S N P < S S =
o o ° S
(e]
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N Slip Vs. MSD (a = 0.9)

045 - e e e B

S SN U SO

| | | | | |
0.35 - SRFEEEEEREREEEEE e SEEREREEEEEEEEE SEEREREEEEEEEEE SEEREREEEEEEEEE R f
| | | | | |

o
w

0.25 G | e & e -

wheel slip A

<
)

0.15

| | | | |
e e L . e e
| | | | |

I I |
| | | |
| | | |

|
|
|
|
|
|
|
| | | E | | |
| | | | | |
| | | | | |
| | | | | |

O CTTTTT T Sl ity | Ml T il | Ml T M
| | | | | |
| | | | | |
| | | | | |
| | | | | |

Time [s]
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Slip-control: linear stability analysis

[m=225,J=1, r=0.28]

H
G, (5)= = W —
*{ﬂﬂ J :P]_z)+nn ]J
mv |\
0.28
G, (s)= y

s +é[,u,()7)9.8((1 ~2)+17.6)|
-
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Slip-control: linear stability analysis

|
- - ] No unstable open-loop pole
0.28
= No (-1,0) (counter-clock-wise) A
100C 3() encircling G,(9 —>
000 ———
g+ 60 Asymptotic stability
| 3(0) Bode criterion is applicable

Bode Diagram
20

Nyquist Diagram
o
) 1
g 1
2 1
> 1
©
s |
1 R0)
-30 |- " . <>E
-40 | L >
I <
I £
I &
1 £
S 1 -
3 1
° 1
@ 1
T 1
|
1 0 1 2 3 4 5
Real Axis

Frequency (rad/sec)

Phase margin = distance to “-180°”
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N Actuator dynamics

|
Bode Diagram
g
=
T -9
Py
8
o
Frequency (Hz)
Step Response
1 T
0.8 - |
Added dynamics (example) _ ol ,
70 & oar 4
O\ . =(0.02)s
F:‘ahpcr (‘S ) = -¢ 02 .
s+ 70
! ! ! ! ! ! ! !
O0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
Time (sec)
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Example - effect of the actuator dynamics

=
0.28

1000 ————

asd

Imaginary Axis

2.5

15

0.5

-0.5

-1.5

G,(9 —

no attuatore

delay=20ms; w =70rad/s
delay=50ms; w =70rad/s
delay=20ms; w =10rad/s

Real Axis
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Slip-control: example of a PID design

Magnitude (dB)

Dm [9.] — Gcallperii‘}ﬂ'?iﬁ}

[ —— 7
_‘z' 135 - G'-T { -E::l — [:IEIIII !
2 ;22- ------------- g+ 60/7
270 3 1 0 1 o _ (14 ni-q}g
' 0 breqeny r 1 Ra(s) = 12000 5=

Figure 3.8 Magnitude and phase Bode diagrams of the frequency response associ-
ated with the loop transfer function Loy (8) for 7 = 40 m/s (dotted line) and T = 2 m/s
(solid line)

Cut-off frequency: between

2 and 40Hz about G oiipail(8) = (1.4)

81 Whyey

At 2m/s becomes unstable with wye, = 70 rad/s and 7 = 10 ms.
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| Recall: “Ideal” PID

Controllers PID - action Proportional,Integral, Derivative.

e(t) > PID U(t)

>

delt
u(t) =k IC,;9(t)+K,_E e(t)dt +Kd%
Coeft. Coleff. Cp£ﬁ_.
Proportional Integral Derivative

\ Action Action K )

1 K,
o) i o)+ ke 100

.

| T
. Yo K
Integral action  Derivative p
time action time

Dipartimento di Elettronica, Informazione e Bioinge gneria - I POLITECNICO DI MILANO



Recall: “real” PID

||
W an q - ’u’ - Nm\ S u y
T o K +7 g ‘ S G (s)
—_ I + F -Um —_
/ \ z 1 :
I/ \ —— /
I S ~ 1+ S-I_I g —
| S~ | _ -1 Ksly
, ——
/ ! 1+sT,/N
[} d
,' I T v
I ! N
' \
Pro orltional v A
gction The integral Derivative action
(with anti wind- (derivation of the
up) output and LP-

filter)
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Logic activation-deactivation on a PID

’5 ] |
- ;l A
»(,) | =
switch M/A Saturazione
1 -

Tis+1

@ o> g1
Ship misureto 'I/ | Tam s +1 Switch MiA

activation and
“man deactivation
variable(s)?

M .
w4 e q + u, + y
50 K FrO— N> — ’ > Gs) >
-A + A + ¥y
Z 1 A &
1 +sT; / M

KpsTD

l+&

A’
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Slip -control algorithms
(ABS) with three -states -
actuators
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Actuator

HAB: Hydraulic Actuated Brakes (increase. hold, decrease)

Cilindro Valvola Cilindro
lato ruota Build lato pedale .
<] Constraints:
faco 1. Rate limiter dT, /dT=u
Valvola Pompa .
dump X Q 2. Control action: u € {k, 0,-k}
tﬁ*'_"'_‘"’ I Serbatoio

Control actions:
Open Build - Close dump - Increase pressure (u = k)
Close Build - Open dump - decrease pressure (u =-k)

Build Close - Close dump - hold pressure (u = 0)
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| Model (recall)

— _% ((1;1)\) | ?:]2) Fou ()\) +J—JTI)
mv = —Fyu ()

4

Hp: v is a parameter ("slowly varying”)
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| Equilibria (open loop) .

wr
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Equilibria (open loop)

TP° > max W(A) — AP =

800

700

SS
T, &0

500

300 —}

—————

200 H------

|
|
|
|
|
|
|
|
0 1 1 L | 1 i i 1
s
2

1DD .......

o
P
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Equilibria (open loop)

Tp° < mfx ()

A3 = Ao, A3 = A3

800

700

SS
T, 600
500 |-+
=
= 4o
BH
30 b
200

100
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Phase diagrams (open-loop) )

]
16 T T T T T T
1.4 il
T so
1
08+ T
;éUU
w06 300 Ffobin
0-4H N 200
open-loop loc. as. open-loop o
stable unstable
/“3 /5 /4
-0.4 L ! 1 i L I 1 L 1
0 0.1 0.2 0.3 0.4 0.5 06 0.7 0.8 09 1
A
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| Analysis of closed loop E——
||

).\: 1(4;0)\ ((1—)\) I 7:]2) FZI—L()\)_I_T]- )\T

m

T = u

| We analyze the phase diagrams: u € {k, 0,-k} |
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Increase: u =Kk

@
Jw

\ =

(W) —T13)

System trajectories with confrol actionu=Kk (increase)

[ Th growing
0 0.2 0.4 0.6 0.8 1
A
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Hold: u=0
|
. (1 —X)
A= — (W(N) —Tp)
Jw
System frajectories with control action u = 0 (hold)
800 —====nms e > >
600 - < - R o
E R
=,
= 400 —

Tb constant
0.2 0.4 06 0.8 1
A
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Decrease: u =-k

|
. (1—2)\)
A= — (W(A) —Tp)
System trajectories with control action u = -k (decrease)
800 e S
if R W,
/ e
G600 | r," “““““““
E YR A4S A 2 U
Z !
2 -'-1-|:lﬂ"ll'
200
Tb decreasing
0 0.2 0.4 0.6 0.8 1
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Switching Control Logic

2000 ;

1800

' Switching function: (T,,A)-Box

1600

1400

-

ry

(=]

o
T

1000

-~ =)
______________ 1
B NS SR g W R D e R S e e e S Sy R P S A e P . K et (e L R SR S e S R —
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Switching Control Logic
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Limit-cycle: analysis
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Limit-cycle: analysis
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| Limit-cycle: analysis
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Limit-cycle: view in the hybrid space
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Figure 4.3 Simulated closed-loop trajectory of system (4.1) with the given control
logic in the hybrid state space (Ty, A, u)
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Existence of limit cycles: necessary conditions
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then the intersection between the system trajectory
‘ﬁflh :-}‘E‘v‘ia:-:- Tbh'Ia_‘i; g = E]J

must occur at a point [Tbh.ﬁ,tj'] such that j < Ag
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Limit-cycle: analysis
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Limit-cycle: analysis

The second condition is violated: NOT a limit cycle but wheel locks

, | | , «® , , , ®

| | | | | | |

| | | | | | |

| | | | | | |

| | | | | | |

| | | | | | |

| | | | n | | | 0
“““ S T D

| | | | | | |

| | | | | | |

| | | | | | |

| | | | | | |

| | | | | | |
\\\\\ Y r——=="r1q4-""""T1-"""~""7-----7«

| | | | | | |

| | | | | | |

| | | | | | |

| | | | —_ | | |

| | | | 7y} | | |

| | | | — | | | ITe)

| | | | v ey 0 F----- o R G- === :
\\\\\ [ e e R ) m I I I -

| | | | £ | | |

| | | | | | |

| | | | = | | |

| | | | | | |

| | | | | | |

| | | | + +

i [ [l R -~ | |

| | | | | |

| | | | | |

| | | | | |

| | | | | |

| | | | | |

| | | | 0 i i
\\\\\\\\\ e | |

) | | | o | |

| | | | | |

| T | | | |

| | | | |

| | | | |

| | | | | |

: : , , e 3 3 3 3 e
—

pic < = o e S 0 S] e}

o o o o o~ — —

2000

@_. anbio] Bunjeig

Time [s]

Longitudinal Wheel Slip A

POLITECNICO DI MILANO

gneria

Dipartimento di Elettronica, Informazione e Bioinge




Limit-cycle: analysis

Third condition violated: NOT a limit cycle but wheel locks

2.5

1.5
Time [s]

0.5

2000

1000~ f+ -

2000

mr anbio] Bupelg

| |
| |
| |
| |
| |
-
| |
| |
| |
| |
| |
4
| |
| |
| |
| |
| |
4
| |
| |
| |
| |
B
| |
| |
| |
| |
| |
i i
| |
| |
| |
| |
| |
| | | | | |
T T T T T T
| | | | | | |
| | | — | | |
| | | | | |
| | | | | [ R ——
o o o o o o o o o o
o o o o o o o o o
[e] (o] < N o [ee] (o] < N
— — — — —

1.5 2.5

Time [s]

0.5

Longitudinal Wheel Slip A

POLITECNICO DI MILANO

gneria

Dipartimento di Elettronica, Informazione e Bioinge




Limit-cycle: analysis

Impact of k large / small
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Limit-cycle: stability
I :={(A\Tp) | A <X < AMax )
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Comments

|
Ideal behavior:

"Box" very tight around the peak of the curve of fr iction
Transitions very fast (high-k)

In practice we have to find a compromise between:
k small / large
Box small (performance) / large (robustness)
Robustness (fixed) & Adaptation (varying) Box
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