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Outline

Design a slip controller based on the nonlinear vehicle model
Use a Lyapunov-based design

The closed-loop system has different stability properties when working
to the left and to the right of the friction force peak - allows detection
of the working condition without additional estimators
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Equilibria: stability analysis
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| Assumptions

1. The control input T, takes values in a non-empty subset of
the real axis T, € [T, 1] st. 0 < Ty < T}

2. The control input T,” associated to the wheel slip set-point
N is such that T}, € [T, Tp) and A" is selected such that

Ty < max \IJ(A)‘

3. The actuator limits 'y and T, are such that 13 = O and

T}, > Max W)
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| Main goal

* Design a controller in the form of a dynamic update
law, such that the system is robustly stabilized
around a desired equilibrium point in the sense of
Lyapunov with respect to the uncertainties lying in
the function F,ju(A)
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| Main Result

* Proposition: consider the QC model
(1—X)

A= - (W(N) — )

Assume all the Ass. hold. Let A* € (0, 1) be the smallest
solution of T; = max W (A) and such that -

I

1 |
SS * S8 S8 > 1
)\3 (1 —+ log (1 — )\SS)) A )\ or )\3 ~ !

Then, for any#(0) € (0, T})the dynamic output feedbaCK cont'
law { T = 0

0= kaxi=(A—=X)(0—Tp)(0 —Tp)

with £y > 0, w > O is such that the closed loop system is locally
stable around (\*,0*) and
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|I\/Ia|n Result cont.d

for any initial condition A(O) in the region

A={dcR | 0<)A<1}
A(t) remains in this region for all t.
Moreover, if A(0)# 1, A(t) converges asymptotically to A" .

Finally, the control variable T, remains in the set [T, T']
for all t=0 .

Note: The condition on A" holds trivially if A< A;SS
A3 <1-el=0.6321
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|I\/Ia|n Result cont.d

Let us now consider the case in which A™ € (0, 1) is the largest

solution of Ty = max W ()

In this case, the control law

{sz 0
0= kyi=(A—X)(0—Tp)(0—T4)

IS such that, for any initial conditionX(0) € A, A(t) remains in this
region for all t.

If A(0)# 1, the closed-loop trajectory (A(t),0(t)) converges to an
attractive periodic orbit encircling the equilibrium (\*, 6)

Again, the control variable T, remains in the set [T}, T']
for all =0 .
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Main Result: proof

N={ elR | 0<X<L1}

16

1.4

12{
1t

From the vector field
behavior and the definition |._..
of A we can see that the
region A is invariant
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|Ma|n Result: proof cont.d

e Consider the candidate Lyapunov function

WA, 0) =V(A) +£00) +c

where

VOO = -2+ =1 In(L = \)

£(0) == In(Ty — )™ —In(0 — 1,) THD/Fx

T —1T
- — b b
T = — 0 —|—
with T, — T, < and T 1 >0

c Iis chosen such that W (\*, le) —0
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(

(A, 6) € (0,1) x

1.4

cont.d

Main Result: proof

e e

3.5

W(A,0) is positive definite in

3--——-
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|Ma|n Result: proof cont.d

e Now note that

. OV _g (A*—1) 3
W= EXN AT [(1—>\) +1]/\+ 0=
— _((>\1_;\)) {_1wr <(1;1)\)+T_) FzM(A)—I-;le)\T*}-I-

O AT, T) + o =

_(()\1*_?)) {_1W>\ ((1 A) + —) Fou () + 5 1— AT*} 4+

J wr

+ O @ -1 + 2o 0)]
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|Ma|n Result: proof cont.d

* Recalling the definition of W(A)
W= —O20 oy -1l +
+ (=L [(Tb—Tb>+ 7))

* Given the expression of ¢(0), if we choose

0(0) = kx(0 —T%)(6 — Tp)

(Tb_Tb)‘l‘ (9)_0
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|Ma|n Result: proof cont.d

« Hence, in view of the Ass., (A-A") and (W(A) - T,") have the
same sign for all A2(0, A;5%)

4

their product can be written as (A-A")?=(A), with =(A)>0 for

all A€(0, A\;55)

W =-(A-2H%=(\) <0

for all A€(0, A;ss]and 0 € (T, T'p)
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|Ma|n Result: proof cont.d

* Hence, as A< A;% we have shown that the equilibrium point
(A°,0%) is locally stable

 To complete the proof we have to show that any trajectory of
the closed-loop system is such that 6(0) € (0,T7%)

and A(O)e [0,1) converges to this equilibrium

e The system is planar (2D) = the only possible attractors are
zero or one-dimensional (i.e., equilibria or limit cycles)

Dipartimento di Elettronica, Informazione e Bioinge gneria - I POLITECNICO DI MILANO



. BT
|I\/Ia|n Result: proof cont.d

 Closed-loop dynamics:

A= =AW - 0)

0= kn75(A—X)(0 —Tp)(0 — Tp)

* Inview of the assumptions,we need to study

A

i) A=1and 6 =7b; Bl e == ey
N/

N |

i) A\=1and § =T, = 0; ¢ | = T
P (2.9 e i

iii) A=0and 6 =1, = 0.

[iii) L p 9=1, A : t I %\ t
A=0 i A=1

- Mara Tanelli - 03-06-2010
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|Ma|n Result: proof cont.d

e Ifwedefine )\ = \— )\ 50 = 6 — 6°°nd

d

p1(A) = 5“0‘) e

 The linearized system is given by

(O = {—rF [-p(A%®) + (1 = A%9)p1 (A%%)]
— 7201 = A)u() 4 (1= A%)2uy (W)
—QSS (1 _ )\SS)@SS} S\
+(1 — \55)56
60 = —k\2\*¥ (055 —Tp) (0% — T3)6\
Fha (X — X*) (2055 — (Ty, + Tp)| 66
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|I\/Iain Result: proof cont.d

« Accordingly

A = _TFZ,U(]-) ~ Ty O
(17Tb) IR 0 k)\(]. — )\*)[Tb — Ib]_

A

(LTb) is a saddle point l P -
~ b Q

the only initial conditions vyielding

i : . " Pl
trajectories that converge to this g |
equilibrium are such that o o T

o« A9 -—
A0)=1 7 " T
Q_Tb*'—()/ ” | : I =1

- Mara Tanelli - 03-06-2010
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|I\/Ia|n Result: proof cont.d

e Then we have

@ > > =

yielding trajectories that 220 )
converge to this equilibrium are such that 6(0) =0

(1,1%) —
% !
(1,T)is a saddle point e B
P (2 .9) i
the only initial conditions .
g=p, & 1 1 »
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|Ma|n Result: proof cont.d

« Finally

y _ |rFeu(0) — T, o
(0,T) 0 —k\N [Ty, — Tp]

I

(0,T) is an unstable saddle-node point
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|Ma|n Result: proof cont.d

A

9=T, il — o i — i~

~ ooy /A
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A=0 A

!

-

1

N

D = {(A,H} cR? | 0<)\<1,0¢ (IbaTb)}
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|Ma|n Result: proof cont.d

* To show that all trajectories with initial condition in "D do

converge to (A",0°) we only need to show that there are no
limit cycles in this region

 However, the only limit cycle that may exist should encircle
(A°,0)
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|Ma|n Result: proof cont.d

e Consider the level set

Q={(\,0)eD | W(\0) <W(0,6%)}

 This Is contained In the set
D={(\0)eD | A< A\F

« Hence, given the expression of J} any limit cycle around
(A",8) should be contained in

Dr:D\Q
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|Ma|n Result: proof cont.d

N
I=T1} o ” — I —
A=0 A A

However, it is impossible to construct a closed curve contained in Dy
and encircling the point (A*,0%)

As a consequence, all trajectories starting in D will converge to the
equilibrium (A",0")
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Main Result: proof cont.d

* Letus study the case when \"is the largest solution of 7, = max W(A)
(A*,6%) is an unstable equilibrium (W > 0)
* Consider a small neighborhood B of (A*,6*) and the set difference C =D\ B

As (A*,0%) is unstable, all trajectories starting in B will converge to C and
stay in the set. As C does not contain any equilibrium, Poincare-Bendixon
theorem guarantees that these trajactories either are periodic orbits or
tend to periodic orbits.

L9=Tb ———4-————-4——————4————-*

N S

N |

Again, the instability of (\*,6*) ensures that g @ e

(Index Theory) the periodic orbit is unique g P T

—> any trajectory in C converges to an F s & “«— |

attractive periodic orbit (the w-limit set of A (\ (2.9 /) :

the vector field is nonempty for the positive Vit |

invariance of D ) y t ot S 1
=T, o P —> ¢ -

A=0 . =1
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Main advantage
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The proposed control
allows to detect in
which region of the
friction curve the
system is operating!
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Main advantage (2)
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Main advantage (3)

The proposed control allows adapting the set-point to
maximize the friction force with little computational effort

distance-from-peak=p1*AmpZ+p, ‘Amp+p3
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